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Metamaterials are engineered materials with unusual properties deriving mainly 
from their micro-architectures rather than composition. They have attracted increasing 
attention owing to their tailorable multi-functional properties that cannot be exhibited by 
naturally-occurring or traditionally-manufactured materials. Materials with a negative 
Poisson’s ratio (PR) and materials with a non-positive coefficient of thermal expansion 
(CTE) are examples of mechanical metamaterials. In this dissertation, metamaterials with 
negative Poisson’s ratios and negative coefficients of thermal expansion are designed 
using both heuristic approaches and topology optimization methods.  
Firstly, based on a star-shaped re-entrant structure, three two-dimensional (2-D) 
periodic cellular materials are developed, which can be tailored to exhibit a negative 
Poisson’s ratio by adjusting geometrical parameters and strut connections between unit 
cells. Castigliano’s second theorem is employed to obtain analytical formulas for the 
effective Poisson’s ratio and Young’s modulus. In addition, by using two metallic 
materials with different coefficients of thermal expansion (CTE), four planar bi-material 
lattice metamaterials are designed based on a re-entrant structure unit, which can achieve 
both negative Poisson’s ratios and non-positive CTEs at the same time. Furthermore, 
three dimensional (3-D) metamaterials are designed via spatial tessellations of 2-D unit 
 vii 
 
cells. Moreover, interpenetrating phase composites with negative Poisson’s ratios are 
obtained by embedding a 3-D re-entrant structure into a matrix phase. By choosing 
different tessellation patterns in the 3-D space, three different bi-material metamaterials 
are proposed, which can attain negative Poisson’s ratio and non-positive CTE 
simultaneously. For all these designs, detailed parametric studies are conducted.  
Secondly, topology optimization is used to obtain optimal material distributions in 
the problem domain in order to create metamaterials with unusual material properties. A 
parametric level set method combined with a meshfree method is employed to design 
cellular metamaterials with a maximum bulk modulus, a maximum shear modulus or a 
minimum Poisson’s ratio in which both the case of one solid material with a void phase 
and the case of two solid materials with a void phase are considered. In addition, the 
parametric level set method is utilized to generate 2-D and 3-D metamaterials with 
unusual thermomechanical properties. The optimization problems for achieving 
minimum anisotropic or isotropic CTEs with a prescribed Poisson’s ratio constraint are 
formulated, and a few novel microstructures with distinct material interfaces between two 
phases are produced. For the final optimized metamaterials with negative Poisson’s 
ratios, the re-entrant and chiral structures are observed even though the optimization 
starts from initial distributions without such features.  
Keywords: Metamaterials; negative Poisson’s ratio; auxetic material; negative 
coefficient of thermal expansion; periodic boundary condition; unit cell; meshfree; 
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Metamaterials are architected materials exhibiting exotic properties that are not 
attainable by natural or traditional materials (e.g., Spadaccini, 2015). A growing number 
of studies have been devoted to exploring such materials (e.g., Ren et al., 2015; Dudek et 
al., 2016; Nateghi et al., 2017; Ai and Gao, 2017a; Al Ba'ba'a and Nouh, 2017; Berger et 
al., 2017; Li et al., 2017; Chen et al., 2017a; Chen et al., 2017b). They have attracted 
increasing attention owing to their tailorable multi-functional properties that cannot be 
exhibited by naturally-occurring or traditionally-manufactured materials. Materials with a 
negative Poisson’s ratio (PR) and materials with a non-positive coefficient of thermal 
expansion (CTE) are examples of mechanical metamaterials. 
1.1 Auxetic materials 
Poisson’s ratio is positive for commonly used materials. Novel materials with 
negative PRs have been designed and fabricated in the last 30 years (e.g., Lakes, 1987, 
2017; Greaves et al., 2011; Huang and Chen, 2016). These metamaterials, also known as 
auxetic materials (e.g., Evans et al., 1991; Prawoto, 2012; Saxena et al., 2016), expand 
transversally when stretched axially. The difference between conventional and auxetic 
materials is illustrated in Fig. 1.1.  
Naturally occurring materials with negative PRs are rare, and only a limited number 
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of such materials have been discovered as displayed in Figs. 1.2(a)-(d). The Auxetic 
behavior of ɑ-cristobalite in Fig. 1.2(a) (Keskar and Chelikowsky, 1992) was thought to be 
due to the cooperative rotation of the SiO4 molecular tetrahedra making up the framework 
structure. Also, Baughman et al. (1998) used a simple electron-gas model to explain the 
negative Poisson’s ratios existing in some cubic metals as shown in Fig. 1.2 (b). In addition, 
the negative Poisson’s ratios of zeolite in Fig. 1.2(c) (Grima et al., 2000) can be explained 
by simple geometry-deformation mechanism relationships, such as rotating triangles and 
squares. Moreover, for the single-layer two-dimensional (2-D) material − black phosphorus 
in Fig. 1.2 (d) (Jiang and Park, 2014), the negative Poisson’s ratio originates from its 
puckered structure, where the pucker can be regarded as a re-entrant structure that is 
comprised of two coupled orthogonal hinges. 
Owing to this counter-intuitive phenomenon, auxetic materials have been found to 
exhibit unique and enhanced mechanical and physical properties, such as high shear 
modulus, superior indentation resistance, improved fracture toughness and enhanced 
energy absorbing capability (e.g., Evans and Alderson, 2000). As a result, such materials 
are ideal for some important applications in aerospace and defense industries such as in 
sensors, deployable structures, body armor, combat helmets, fasteners and rivets (e.g., Liu, 
2006; Underhill, 2014). Fig. 1.3 displays a few specific examples for illustration ─ sports 
protection (a) (e.g., Sanami et al., 2014), blast protective deflectors (b) (e.g., Imbalzano et 
al., 2017), smart filters (c), car seat belts (d), energy absorption sandwich structures (e), 
body armor vests (f) and prosthetic linings (g) (e.g., Scarpa, 2008).  
All other well-known examples of materials with negative Poisson’s ratios are man-
made structures that exhibit this negative property macroscopically. Until now, a vast 
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number of two-dimensional (2-D) and three-dimensional (3-D) architectures with negative 
Poisson’s ratios have been developed (e.g., Rad et al., 2014; Huang and Chen, 2016; Fu et 
al., 2016; Lakes, 2017; Wang et al., 2017a), in which both cellular and composites 
materials have been intensively studied.  
 
Fig. 1.1 Schematic illustration of positive and negative Poisson’s ratio 
 
Fig. 1.2 Naturally-occurring auxetic materials 
 
Fig. 1.3 Examples of application for auxetic materials 
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1.1.1 Cellular auxetic materials  
Lakes (1987) first produced a 3-D cellular material with a negative PR using a re-
entrant structure as displayed in Fig. 1.4 (a). Evans et al. (1991) applied a re-entrant 
honeycomb structure to molecular network design and first used auxetic (from the Greek 
word auxetos) to describe material with a negative PR. It is now well understood that the 
deformation of a re-entrant cellular structure provides a mechanism for auxetic behavior 
such as Bückmann et al. (2012) as presented in Fig. 1.4 (b), Schwerdtfeger et al. (2012), 
Critchley et al. (2013) and Rad et al. (2014). Upon pulling or pushing, a re-entrant strut 
will unfold or fold, resulting in a lateral expansion or compression, respectively. Another 
mechanism for auxetic behavior is chirality, which arises from rotation of rigid parts that 
can trigger wrapping or unwrapping of attached ligaments when compressed or stretched, 
leading to contraction or expansion in the transverse direction. Some examples can be 
found in Lakes (1991), Prall and Lakes (1997) and Scarpa et al. (2007) as seen in Fig. 1.4 
(c). For one chiral structure, the negative Poisson’s ratio can be tailored to around −1 
(Bückmann et al., 2014) as shown in Fig. 1.4 (d). Additionally, the first auxetic 
microporous polymeric material was reported by Evan and Caddock (1989), which is an 
expanded foam of Polytetrafluoroethylene with a high anisotropic negative Poisson’s ratio 
of −12. It was believed that the existence of micro-rotational degrees of freedom in the 
material microstructure causes auxeticity. There are other mechanisms that can be 
employed to produce materials with negative PRs, such as a low porosity material in Fig. 
1.4 (e) (Taylor et al., 2014), origami structures as seen in Fig. 1.4 (f) (Eidini and Paulino, 
2015), and structures induced by buckling or instability in Fig. 1.4 (g) (Babaee et al., 2013). 
Other than the above-mentioned auxetic materials, the interested readers may refer to a few 
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published review papers (e.g., Evans and Alderson, 2000; Prawoto, 2012; Huang and Chen, 
2016; Saxena et al., 2016) for more information. 
 
Fig. 1.4 Examples of auxetic cellular materials 
 
Fig. 1.5 Examples of auxetic composites 
1.1.2 Composite auxetic materials 
In addition to auxetic cellular materials mentioned in Section 1.1.1, composites have 
also been found to exhibit auxetic behavior. Alderson et al. (2005) reported auxetic carbon 
fiber composites made from commercially available prepreg, which display increased 
resistance to low velocity impact and static indentation with a smaller area of damage. 
Miller et al. (2009, 2012) used an auxetic double helix yarn to produce a unidirectional 
carbon fiber composite, as displayed in Fig. 1.5 (a). The yarns were produced by wrapping 
a lower diameter and stiffer warp component into a low modulus, initially straight core 
6 
 
fiber. Grima et al. (2013) reported an auxetic composite made from a conventional 
honeycomb framework filled with a softer matrix as seen in Fig. 1.5 (b). Upon pulling the 
honeycomb, the matrix is forced out, resulting in the auxetic effect in the out-of-plane 
direction. Hou et al. (2014a) introduced a novel 3-D continuum shell as an inclusion and 
obtained a composite as illustrated in Fig. 1.5 (c) with tunable Poisson’s ratio and enhanced 
mechanical properties. In addition, Jiang et al. (2016) proposed a novel type of auxetic 
composites by using a multilayer orthogonal auxetic structure as the reinforcement and a 
polyurethane foam as the matrix that was fabricated via an injecting and foaming process, 
as displayed in Fig. 1.5 (d). 
1.1.3 Material properties analysis 
A few analytical works have been done for auxetic cellular materials to date. Wan et 
al. (2004) studied negative Poisson’s ratios in 2-D auxetic honeycombs based on a large 
deflection model theoretically and they found that the negative Poisson’s ratios are no 
longer constant under large deflection conditions. Lu et al. (2010) obtained the theoretical 
solutions of Young’s modulus and Poisson’s ratio by using the collapsed Kelvin model 
with bent struts protruding inward proposed by Choi and Lakes (1995) by incorporating all 
three deformation mechanisms. Their results can be reduced into the Kelvin model of Li et 
al. (2003), i.e., conventional foams. Yang et al. (2012) obtained explicit analytical 
equations concerning Poisson’s ratio, Young’s modulus and yield strength for a 3-D re-
entrant lattice structure based on the Timoshenko small deflection model. Meanwhile, the 
predicted analytical results were compared with simulated and experimental results and 
they agreed with each other very well. Additionally, Yang et al. (2015) employed a large 
deflection model to establish the analytical model with the verification of experimental 
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results using the electron beam melting (EBM) technique. Rad et al. (2014) obtained the 
analytical solutions of elastic modulus and Poisson’s ratio for a 3-D re-entrant cellular 
structure based on the Castigliano’s theorem. In their study, only axial forces and bending 
moments were taken into consideration by omitting the transverse shearing force. 
In addition, for auxetic composites, Assidi and Ganghoffer (2012) employed a two-
step micromechanical approach to calculate the effective mechanical properties of an 
auxetic composite material containing re-entrant and roll-up auxetic inclusions. The 
discrete asymptotic homogenization was used to calculate the effective mechanical 
properties of the inclusion, and then numerical homogenization was employed to determine 
the overall effective properties of the composite. Auxetic effect and enhanced elastic 
properties can be both achieved by choosing proper configurations. Shufrin et al. (2015) 
embedded two types of auxetic inclusions (spherical and cubic) in a matrix and found that 
the resulting composite can be auxetic or non-auxetic, depending on the inclusion 
concentration. Also, these composites’ stiffness can be increased considerably over the 
stiffness of each phase. 
1.2 Negative coefficient of thermal expansion 
It is well known that conventional materials expand when heated up and shrink when 
cooled down, thereby displaying a positive CTE, as illustrated in the first column of Fig. 
1.6. On the contrary, metamaterials with a zero or negative CTE as illustrated in the second 
column of Fig. 1.6 have been proposed for applications in structures or devices subjected 
to temperature changes such as in space vehicles, naval ships, bridges, and pipelines (e.g., 
Yamamoto et al., 2014; Chen et al., 2015; Wu et al., 2016) to maintain thermal stability 
and reduce thermal stresses. The use of cellular structures with a zero thermal expansion 
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coefficient can mitigate thermomechanical stresses and extend service lives of such 
structures and devices, which can be used in temperature-sensitive structures or devices 
such as precision instruments, satellite antennas, thermal sensors, and bridges to ensure 
measurement accuracy and mitigate thermomechanical stresses. 
 
Fig. 1.6 Schematic illustration of positive and negative coefficient of thermal expansion 
1.2.1 Design of negative CTE 
Metallic metamaterials with non-positive CTEs have been proposed using lattice 
structures. Lakes (1996; 2007) proposed a cellular structure with curved ribs composed of 
two dissimilar materials having different CTEs, which could achieve unbounded thermal 
expansion through material selections. Grima et al. (2007b) constructed a 2-D lattice 
structure with its struts connected through hinges to form triangular units, in which the struts 
are designed to be made from dissimilar constituents. Their study showed that through 
adjusting geometrical parameters and material combinations, the CTE of the lattice 
structure can be tailored to be either positive or negative. Steeves et al. (2007; 2009) 
introduced a robust stretch-dominated bi-material lattice as displayed in Figs. 1.7 (a) and 
1.7 (b) that can have low thermal expansion but high stiffness. Miller et al. (2008) described 
a generalized mechanism for tailoring the CTE from a triangular sub-unit composed of 
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corner-hinged beam-like elements. Through tessellations of this unit, many 2-D and 3-D 
structures could be designed to attain a tunable negative, zero or positive CTE. Palumbo et 
al. (2011) designed lattice structures with two constituent materials based on lightweight 
structures found in aerospace and spacecraft applications. These types of structures are 
similar to those proposed by Grima et al. (2007b) that are fully triangular lattice structures 
made from more than two materials. Near-zero thermal expansion was achieved without 
incurring a penalty in terms of stiffness and mass owing to the fully triangulated structure. 
Berger et al. (2011) modified the structure proposed in Steeves et al. (2007) by placing 
appropriately sized spacers between the unit cells for the bonded bi-material structure, as 
shown in Fig. 1.7 (c). It was shown that such bonded lattices give thermomechanical 
responses that converge to those exhibited by pin-jointed lattice structure when the 
slenderness ratio of struts is small. Moreover, Yamamoto et al. (2014) designed and 
fabricated thin thermally stable bi-material structures with the inner plate having high 
CTE (Al) and the outer frame having low CTE (Ti) using the conventional micro-
fabrication technique as shown in Fig. 1.7 (d). One chiral lattice structure with bi-
material ribs that can achieve a Poisson’s ratio of – 1 and negative thermal expansion 
was recently designed and fabricated (Chan Soo Ha et al., 2015; Wu et al., 2016), as 
displayed in Figs. 1.7 (e) and (f). Also, Takezawa et al. (2015) fabricated the porous 
composite designed from topology optimization regarding both minimizing thermal 
stress and maximizing stiffness using multi-material photopolymer additive 
manufacturing technique (Objet Connex 500) (see Fig. 1.7 (g)). Wei et al. (2016) 
designed six types of periodic planar lattices inspired by rotational symmetry in 
crystallography (see one example in Fig. 1.7 (h)). Hopkins et al. (2016) designed 2-D and 
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3-D microstructural architectures (one example is shown in Fig. 1.7 (i)) that can be tuned 
to achieve specific thermal expansion coefficients from positive to negative. Wang et al. 
(2016a) fabricated 3-D negative CTE structures as shown in Fig. 1.7 (j) using a 
photopolymerization-based multi-material stereolithography system using photocurable 
poly(ethylene glycol) diacrylate (PEGDA) solutions and reinforced PEGDA using copper 
particles. The reinforcement with copper particles within PEGDA solids decreases CTE 
considerably. When heated, the PEGDA beams expand more thus causing reinforced 
PEGDA beams to bend inward occupying the internal void spaces. Xu and Pasini (2016) 
designed two 3-D structures as presented in in Fig. 1.7 (k) with the aim of resolving the 
trade-off between CTE tunability and structural efficiency. The concept behind the design 
is based on tetrahedra with either a stationary-node or stationary-lines using two materials 
(Al6061 and Ti-6Al-4V) with different CTE, where the screw angle can be tuned to yield 
negative, zero or positive CTE in either all direction or a specific direction.  
 
Fig. 1.7 Examples of materials with negative CTE 
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In these existing designs of metallic metamaterials, members of different materials 
are joined through pins, adhesive, welding or pressure-fit joints. This indicates that in each 
case two or more steps are involved in the fabrication process and manual work is required 
for assembling. There are also stress concentrations at the joints, which can lead to 
unexpected failures. Therefore, in order to fabricate metallic metamaterials that involve 
more cost-effective and reliable joints, new manufacturing methods are needed to mitigate 
these difficulties. 
1.2.2 Mechanical properties analysis  
Steeves et al. (2007) studied thermomechanical properties of both planar and 
volumetric lattices, in which the stretching-dominated mechanism ensures the high 
structural stiffness. Jefferson et al. (2009) presented closed-form analytic expressions for 
prediction of CTE as well as consequent internal stresses of the proposed structure. 
Besides, 3-D continuum and beam finite element models were used to demonstrate the 
effectiveness of the analytical results. In addition, Berger et al. (2011) obtained analytical 
solutions of CTE and stiffness for a rigid-jointed lattice with good agreement with 
numerical results. Mercer et al. (2015) studied the mechanical fatigue behavior of a Ti–
6Al–4V lattice structure designed to exhibit controlled CTE using both experimental and 
analytical method. It was found that the fatigue behavior of the lattice structure can be 
described using a Findley fatigue parameter versus life curve, which follows a power law 
relationship. Further, Wei et al. (2016) designed six types of periodic planar lattices 
inspired by rotational symmetry in crystallography and presented analytical solutions for 
the effective CTE and biaxial stiffness of pin-jointed planar lattices. 
In addition to the study of each material property independently, i.e., Poisson’s ratio 
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and CTE as presented above, metamaterials exhibiting both negative PRs and negative 
CTEs have also been explored (e.g., Sigmund and Torquato, 1996; Grima et al., 2007a; Ha 
et al., 2015). Such metamaterials have the potential to be utilized in dental fillings, which 
normally experience temperature variations from different food and drink intake and need 
to resist chewing forces as well. Deployable space structures such as antennas and solar 
panels, which are required to maintain thermal stability in the cryogenic environment in 
space, can also be designed using metamaterials with tunable thermal expansion and 
Poisson’s ratio. Furthermore, sensors and filters can be devised by employing such 
metamaterials that can be tailored to be responsive to both temperature changes and 
mechanical forces.  
1.3 Meshfree methods 
Meshfree methods (e.g., Liu and Gu, 2005; Liu et al., 2005; Liu, 2010) have emerged 
as an alternative approach to FE methods. The major difference between a meshfree 
method and a FE method is how to construct shape functions. In a FE method (Reddy, 
2005; 2015), nodes in discretized elements are used, whereas arbitrarily distributed field 
nodes are employed in a meshfree method, which has removed the dependence on quality 
elements inherent in a FE method. The techniques for constructing the shape function in a 
meshfree method include the smoothed particle hydrodynamics (SPH) method (Lucy, 
1977), the reproducing kernel particle method (RKPM) (Liu et al., 1995), and the moving 
least square (MLS) approximation (Lancaster and Salkauskas, 1981). The element-free 
Galerkin method (EFGM) (Belytschko et al., 1994) and the meshless local Petrov–Galerkin 
method (MLPGM) (Atluri and Shen, 2002) are two popular meshfree methods. Both the 
EFGM and MLPGM use the MLS approximation in constructing the shape functions which 
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do not satisfy the Kronecker delta property. Hence, it is difficult to enforce essential 
boundary conditions in the EFGM and MLPGM. In order to overcome this, a point 
interpolation method (PIM) which uses a radial basis function (RBF) was proposed in Liu 
and Gu (2001) and Liu et al. (2005) using the Galerkin weak form to replace the MLS 
approximation in constructing the shape functions. The major advantages of the PIM are 
its accuracy in function fitting and its capability to generate shape functions satisfying the 
Kronecker delta property, which makes it simple to enforce essential boundary conditions, 
like in a conventional FE method.  
1.4 Material design using topology optimization 
Most metamaterials could be designed using conventionally intuitional and heuristic 
approaches based on design knowledge that involves repetitive trial-and-error. However, 
structural topology optimization (e.g., Bendsøe and Sigmund, 2003; Osanov and Guest, 
2016), on the other hand, offers a systematic, mathematically-driven framework and 
nonintuitive strategy for designing and optimizing material distributions in order to obtain 
a structure model according to the prescribed physical objective and predefined constraints 
without prior knowledge of a design. It has experienced considerable progress over the past 
three decades with a wide range of successful scientific and engineering applications. 
Novel metamaterials with unattainable combinations of materials properties can be 
achieved through topology optimization that is capable of effectively expanding the design 
space for new material development.  
Until now, several typical topology optimization methods have been used 
extensively in a wide range of engineering disciplines. The solid isotropic material with 
penalization (SIMP) method (e.g., Bendsøe, 1995; Sigmund, 1994, 1995) obtains its 
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popularity due to its effective implementation and conceptual simplicity. Additionally, the 
evolutionary structural optimization (ESO) method was proposed by Xie and his co-
workers (e.g., Xie and Steven, 1993; Huang and Xie, 2010) based on the concept of 
graduation elimination and addition of materials. In the ESO approach,  the low stressed 
material is progressively removed from the structure while the relatively high stressed 
material is gradually added according to the predefined optimization criterion. Moreover, 
Eschenauer et al. (1994) proposed a bubble method in which the iterative placement or 
insertion of holes (bubbles) into the structure is based on the stresses, strains, and 
displacements. Further, the level set based topology optimization method developed by the 
authors (e.g., Wang et al., 2003; Allaire et al., 2004) is used to advance the material 
boundaries through solving the basic level set function satisfying specific physical 
constraints. With the aim of avoiding some unfavorable features in the conventional level 
set method (CLSM), Luo et al. (2007) proposed a parametric level set method (e.g., Luo 
and Tong, 2008) in which the level set function is decomposed into temporal and spatial 
parts using radial based compacted supported function. These topology optimization 
approaches mentioned above (e.g., Sigmund and Maute, 2013) have been widely applied 
in structural topology optimization to create innovative structures with specified material 
properties.  
Additionally, for the design of periodic metamaterials, a unit cell or representative 
volume element is often defined as the design domain in which the homogenization theory 
is commonly employed to obtain effective material properties. Sigmund (1994; 1995) 
applied the topology optimization approach into material structure design of 2-D and 3-D 
truss, frame, and continuum unit cells to achieve targeted elastic properties, including 
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materials with negative PR and CTE. Sigmund’s pioneer work stimulates researchers’ 
enthusiasm in the extensive design of metamaterials through utilization of topology 
optimization. So far, a vast number of optimized periodic microstructures have been 
developed, such as those with extremal or unusual material properties, i.e., maximum shear 
modulus, maximum bulk modulus, minimum Poisson’s ratio and negative or zero 
compressibility. For example, Huang et al. (2011) designed cellular materials for maximum 
bulk or shear modulus using bi-directional evolutionary structural optimization (BESO) 
with finite element method (FEM). Also, Wang et al. (2014) employed the parametric level 
set-based topology optimization combined FEM to obtain mechanical metamaterials with 
the specified Poisson’s ratio, in which a few new structures were found. In addition, 
Clausen et al. (2015) designed nine 2-D microstructures with strain-independent constant 
Poisson’s ratio values between –0.8 and 0.8 using SIMP topology optimization approach 
with FEM and fabricated them using direct ink writing technique. Furthermore, Wang et 
al. (2016b; 2017b) employed multi-material parametric level set method with FEM to 
optimize metamaterials that can achieve tunable Poisson’s ratio and the coefficient of 
thermal expansion separately or simultaneously.  
1.5 Research objectives 
Even though a number of architectured metamaterials have been proposed, analyzed 
and manufactured, there still exist certain challenges in the design of new metamaterial 
with both a negative Poisson’s ratio and a negative coefficient of thermal expansion as well 
as good load-carrying capability. Therefore, the goal of this dissertation research is to 
design and analyze 2-D and 3-D micro-architectured metamaterials that exhibit negative 
Poisson’s ratios and negative CTEs. These metamaterials hold the remarkable potential to 
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be used in different sectors of industry, such as automotive, aerospace, medical devices, 
MEMS, and electrical consumption. Further, with the advancement of additive 
manufacturing, it is feasible to fabricate such metamaterials with the complex geometrical 
shapes.  
1.6 Dissertation outline 
The rest of this dissertation is organized as follows. In Chapter 2, three 2-D cellular 
materials are proposed based on a star-shaped re-entrant structure and the effective 
properties are predicted using Castigliano’s second theorem. In Chapter 3, four 2-D 
metamaterials with negative Poisson’s ratios and non-positive CTEs are designed and 
analyzed. In Chapter 4, effective elastic properties of interpenetrating phase composites 
with a 3-D irregular star-shaped re-entrant shape as the reinforcing phase are evaluated. In 
Chapter 5, 2-D metamaterials studied in Chapter 3 are extended into 3-D micro-
architectured metamaterials, and their thermo-mechanical properties are investigated. In 
Chapter 6, topology optimization of 2-D micro-architectured metamaterials are presented. 
In Chapter 7, topology optimization of 2-D and 3-D micro-architectured thermal-elastic 
metamaterials are presented with optimization of CTE and Poisson’s ration at the same 
time. Lastly, Chapter 8 summarizes the dissertation and shows the promising work in the 





TUNABLE ELASTIC PROPERTIES OF TWO-DIMENSIONAL CELLULAR 
MATERIALS WITH A STAR-SHAPED RE-ENTRANT MICROSTRUCTURE 
Re-entrant microstructures are often used in designing auxetic cellular materials (e.g., 
Lake, 1987; Yang et al., 2015; Saxena et al., 2016). In such materials, re-entrant (i.e., 
inward) struts can unfold or fold in the outward or inward direction, thereby inducing 
expansion-expansion or contraction-contraction deformations (i.e., auxetic behavior), 
respectively. The single-sided re-entrant honeycomb is the most studied auxetic cellular 
material. Attempts have also been made to design multi-re-entrant honeycombs (e.g., Lira 
et al., 2009).  
Star-shaped re-entrant structures were initially proposed by Theocaris et al. (1997) 
as inclusions in composites. Dos Reis and Ganghoffer (2012) analyzed the mechanical 
properties of the double-sided re-entrant lattice (also called square re-entrant lattice or star 
lattice) using a discrete asymptotic homogenization method. Gong et al. (2015) employed 
a star structure to achieve zero Poisson’s ratio for two-dimensional morphing applications. 
Meng et al. (2015) studied the equivalent mechanical behaviors of star-shaped honeycombs 
using Castigliano’s second theorem. However, none of these studies considered the effect 
of connections between basic star units. To address this issue, the effect of strut connection 
between unit cells on the in-plane elastic properties are studied in this chapter.
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2.1 Unit cell models 
Three proposed unit cells based on the basic star lattice structure shown in green are 
displayed in Fig. 2.1. Through connecting all the vertexes of the basic star structure, the 
two-dimensional (2-D) Unit Cell (UC #1) can be obtained as illustrated in Fig. 2.1 (a). As 
we can see, UC #1 is characterized by a total of seven geometrical parameters that may 
affect the structure’s in-plane mechanical properties, i.e. L1, L2, L3, θ1, θ2, t and w. All the 
struts are assumed to be of rectangular cross-sections with the thickness t and out-of-plane 
width w. L1, L2 and L3 are three parameters that are used to control the strut lengths. θ1 and 
θ2 are two parameters that represent the re-entrant angles. By setting L1 as the basic 
geometrical parameter, four non-dimensional parameters are defined as the re-entrant strut 
length ratio α, external connection length ratio β, slenderness ratio γ and aspect ratio δ as 
shown in Eq. (2.1). 
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θ1 and θ2 can also be treated as two additional non-dimensional parameters, thus a total of 
six non-dimensional geometrical parameters can be employed to conduct the analytical 
formulation. In addition, to prevent the contact and intersection of struts, the geometrical 
parameters should satisfy the following three constraints given by Eqs. (2.2)-(2.4):  
1 1 2 2 1 2sin cos sin cosL L       , (2.2) 
2 2 1 1 2 1sin cos sin cosL L       , (2.3) 
1 2 90   . (2.4) 
Furthermore, via reducing the vertex connections, the other two lattice structures can 
be attained as depicted in Figs. 2.1 (b) and (c). The unit cell 2 (UC #02) is constructed by 
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connecting the edge vertexes, while the unit cell 3 (UC #03) is generated by just connecting 
the middle vertexes. As illustrated in Fig. 2.1, the three proposed unit cells can be divided 
into four sectors (see one sector indicated by a yellow shaded area for each case), which 
imply that all unit cells display orthogonal symmetry due to two inherent reflection planes 
as indicated by the two dashed red lines in Fig. 2.1 (a). In particular, by making L1 = L3 and 
θ1 = θ2, the microstructure with cubic symmetry can be obtained. 
 
             (a) UC #01                              (b) UC #02                             (c) UC #03               
Fig. 2.1 Three proposed unit cells based on the basic star unit in green color 
2.2 Relative density 
Relative density (Gibson and Ashby, 1997) is an important parameter that determines 
the material properties of cellular lattice materials, such as stiffness, strength, and 
toughness. When calculating the relative density of lattice structures, many researchers 
would omit the overlapping between the strut joints. However, when the ratio between the 
strut thickness and length is considerably large, the difference of relative density between 
the real manufactured lattice structures and the analytically studied models becomes 
significant. Therefore, in the current work, the overlapping between the strut joints is 
considered in calculating the relative density. The detailed simple linear algebra operations 
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are omitted herein for brevity. Through introducing three non-dimensional parameters (α, 




r  and 
#03
r ) 
for the three different unit cells as presented in Fig. 2.1 can be obtained as shown in Eqs. 
(2.5)-(2.10). 
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where, θ3 = (90° – θ1 – θ2)/2, θ4 = (180° – θ2 – 2θ3)/2 and θ5 = (180° – θ1 – 2θ3)/2. Also, g01 
(θ1, θ2), g02 (θ1, θ2) and g03 (θ1, θ2) are the additional terms that would be taken into 
consideration without neglect of the joint areas for three unit cells, respectively. However, 
if neglecting the overlapping areas, these three terms vanish and the equations are reduced 
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into the simple ones. 
 
Fig. 2.2 The difference of relative density for UC #01 with the variation of α, β and γ (θ1 
= 15° and θ2 = 15°) under γ = 0.02, γ = 0.12 and γ = 0.24. 
 
Fig. 2.3 The difference of relative density for UC #1 with the variation of θ1 and θ2 with α 
= 1.5, β = 0.5 and γ = 0.1 
Through observing Eqs. (2.5)-(2.10), it can be noted that the three non-dimensional 
geometrical parameters (α, β, and γ) and two re-entrant angles (θ1 and θ2) all affect the 
difference between with and without considering the overlapping areas (simplified to the 
term error in the following description). Here, by setting the two re-entrant angles θ1 and 
θ2 both being equal to 15°and the two non-dimensional parameters (α and β) varying from 
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0.2 to 1.8 with the interval 0.1, also making them comply with the geometrical constraints 
as shown in Eqs. (2.2)-(2.4), the relative density plot is shown in Fig. 2.2. It is clearly seen 
that the smaller the two non-dimensional parameters (α, β) are, the larger the error is. Also, 
the larger the slenderness ratio γ is, the larger the error is. In addition, the two re-entrant 
angles with smaller values induce smaller error, as depicted in Fig. 2.3. Thereafter, for the 
same relative density, there are multiple geometrical combinations. Thus, the mechanical 
response cannot be simply correlated to the relative density. The same conclusion can be 
applied to unit cell #2 and unit cell #3. 
2.3 Structural analysis using the energy method 
The analytical models to calculate in-plane elastic properties of the star lattice 
structures developed in this chapter are based on the application of the Castigliano’s second 
theorem. To calculate the effective in-plane elastic properties of the lattice structures, two 
remote global biaxial stresses σxx and σyy are applied in the x- and y- directions, respectively, 
as shown in Fig. 2.4. The uniaxial compressive condition can be readily obtained by setting 
one of the biaxial stresses σxx and σyy as zero to calculate the corresponding elastic 
properties in x- and y- directions. For all the three unit cells (See Fig. 2.1), the effective 
cross-section areas in x- and y- directions 
*
xA  and 
*
yA  are defined as shown in Eqs. (2.11) 
and (2.12), respectively. 
*
3 2 22( cos )xA L L w  , (2.11) 
*




Fig. 2.4 Periodic UC #01 structure subject to the remote biaxial stresses 
Accordingly, the effective compressive forces applied in the x- and y- directions are given 
by Eq. (2.13): 
* * * *, x xx x y yy yF A F A    (2.13) 
Due to the different vertex connections between unit cells, the three unit cells support 
distinct compressive forces in the x- and y- directions. For the lattice structure UC #01, the 
effective forces in the two in-plane directions can be divided into the force applied on the 
middle connection strut (Fym or Fxm) and the edge connection struts (Fye or Fxe), 
respectively. The subscripts x and y indicate the direction of the forces, while m and e 
denote the middle and edge connection struts, respectively. Likewise, the UC #02 only has 
the compressive force applied to the edge connection strut. On the contrary, the UC #03 
only has the force applied to the middle connection strut. Although only the UC #01 is 
analyzed theoretically in this study, the structural analysis for the other two lattice 




Owing to the geometrical and loading symmetry, the deformation of the whole 
structure can be found by analyzing only one quarter of UC #01 as illustrated in Fig. 2.5. 
Besides, there are no shearing forces and bending moments applied on the cutting points 
A, D, E and F because of symmetry. It can be clearly observed in Fig. 2.5 that there is a 
total of four unknown variables that are needed to be determined: MB and MC are the two 
unknown moments; FB and FC are the two unknown reaction forces. However, with only 
three equilibrium equations, this statically indeterminate structure has one degree of 
indeterminacy. Therefore, another one constraint equation is needed to obtain all the 
unknown variables. In the following analysis, the Castigliano’s second theorem (e.g., Li et 
al., 2003) is employed to solve this statically indeterminate problem. 
Through conducting the force balance analysis along the x- and y- directions and the 
moment balance analysis with respect to the point G for the one-quarter structure as 
illustrated in Fig. 2.5, the first three equilibrium equations can be readily obtained from the 
free body diagram analysis in Fig. 2.6 as displayed in Eqs. (2.14)-(2.16). 
B xe xmF F F  , (2.14) 
 




Fig. 2.6 Free body diagram (FBD) 
C ye ymF F F  , (2.15) 
B B 1 1 ym 1 1 C C 2 2 xm 2 2sin cos sin cos 0M F L F L M F L F L         . (2.16) 
In addition, the free body diagram (FBD) in Fig. 2.6 shows that the vertex connection 
struts only experience compressive deformation while the two re-entrant struts undergo 
bending, shearing and compressive deformations, which satisfy the Timoshenko beam 
theory. However, without considering the shearing stresses, it can be simplified into Euler 
beam theory.  
Furthermore, through the equilibrium analysis for the BG and CG struts as illustrated 
in Fig. 2.7, the axial force, transverse shearing force and bending moment for the two re-
entrant struts as described in Eqs. (2.17)-(2.21) can be obtained. Herein axial forces with 
positive values designate struts in the tensile state. Conversely, negative axial forces 
represent struts in the compressive state. 
1a B 1 ym 1cos sinF F F    ,  (2.17) 
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1s B 1 ym 1sin cosF F F    , (2.18) 
 1m B B 1 ym 1 Bsin cosF M F F x    , (2.19) 
2a C 2 xm 2cos sinF F F    , (2.20) 
2s C 2 xm 2sin cosF F F    , (2.21) 
 2m C C 2 xm 2 Csin cos xF M F F    , (2.22) 
                         
                            (a)                                                                    (b) 
Fig. 2.7 (a) Equilibrium analysis for struts BG; (b) Equilibrium analysis for struts CG  
where F1a, F1s, and F1m represent the axial force, shearing force and internal moment 
exerted on the strut BG, respectively. In addition, F2a, F2s and F2m express the axial force, 
shearing force and internal moment exerted on strut CG, respectively. 
Furthermore, it is assumed that all the struts are connected through rigid joints, i.e., 
the rotations at all the joints equal to zero. Because only one additional constraint equation 
is needed to solve the statically indeterminate problem, the rotation at joint B is taken to be 
zero. This can also be accomplished by applying the Castigliano’s second theorem, as 
presented in Eq. (2.23). 





L LF F F F
dx dx








Through substituting Eqs. (2.19) and (2.22) into Eq. (2.23), Eq. (2.23) can be further 
derived by using the relationship between MB and MC as shown in Eq. (2.16), and the result 
is expressed in Eq. (2.24). 
   2 2B 1 C 2 B 1 ym 1 1 C 2 xm 2 20.5 sin cos 0.5 sin cos 0M L M L F F L F F L         . (2.24) 
So far, Eqs. (2.14)-(2.16) and (2.24) are obtained in order to calculate the four 
unknown parameters: FB and FC, MB and MC . The results are given in Eqs. (2.25)-(2.28). 
B xe xmF F F  , (2.25) 
C ye ymF F F  , (2.26) 
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Through employing the Castigliano’s second theorem, the displacements for the 
points A and F in the y- direction, the displacements for the points D and E in the x- 
directions can be attained through using Eq. (29), and these displacement solutions are 
further employed herein to calculate the corresponding in-plane elastic properties. 
* * * *
A F D E
ym ye xm xe
, , ,y y x x
U U U U
F F F F
   
       
   
. (2.29) 
To calculate the effective elastic properties of the three unit cells, the already derived 
analytical solutions for the general biaxial case presented above are modified into one 
uniaxial compressive case by simply setting the applied force in the x-direction as zero  
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Table 2.1 List of calculation methods to get the effective elastic properties of three unit 
cells as displayed in Fig. 2.1 





































































































































































































    
with Fxe = 0 and Fxm = 0. The effective elastic properties of the unit cell models can be 
determined by using the average stress and average stain theorem in the homogenization 
theory of composites materials. Per this theorem, the average strain can be defined as given 








 , (2.30) 
where Δdy is the displacement in the y-direction, Ly is the initial length along the y-direction, 
y

 is the obtained uniform strain applied in the y-direction. Then, the effective Young’s 
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modulus can be defined as the ratio of the average stress to average strain in the loading 










  (2.31) 
where, σyy is the remote stress applied in the y-direction as shown in Fig. 2.4. In addition, 
the effective Poisson’s ratio is attained as the negative ratio of the average lateral strain to 









   (2.32) 
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 (2.38) 
The second column in Table 2.1 lists the calculation formulas to obtain the effective 
Young’s modulus for three unit cells that are normalized by Young’s modulus of solid 
struts to eliminate the effect of the strut material type. Through mathematical manipulation, 
three close-form formulas to calculate the normalized Young’s modulus for three unit cells 
are presented in Eqs. (2.33)-(2.35). Additionally, the third column in Table 2.1 presents the 
methods to calculate the effective Poisson’s ratio of three unit cells with Eqs. (2.37)-(2.38) 
exhibiting three close-form formulas. As can be seen from these formulas in Eqs. (2.33)-
(2.38), the normalized elastic modulus and Poisson’s ratio depend on the three non-
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dimensional parameters, ɑ, β and γ, two re-entrant angles θ1 and θ2, the shear correction 
factor k and the Poisson’s ratio ν of solid material. If the Timoshenko beam is simplified 
into Euler beam, the effect of k and ν would be omitted. 
2.4 Results and discussions 
2.4.1 Comparison between theoretical prediction and FE simulation 
To validate the analytical solutions presented in Section 2.3, finite element (FE) 
simulations were carried out using one-quarter unit cell as shown in Fig. 2.5. Commercial 
FE software Ansys Mechanical APDL (Ansys 18.0, 2017) was employed to conduct the 
quasi-static small deformation simulation, in which displacement controlled loading was 
applied at Point A and F with its horizontal displacement and rotation fixed. In addition, 
the vertical displacement and rotation of Points C and D were fixed. The horizontal 
displacement and rotation of Point B were also constrained to keep the symmetry of the 
structure. Although the above-mentioned boundary condition was only for UC #01 
structure, it can be easily modified according to the UC #02 and UC #03 structures. The 
material properties of ABS fabricated from RepRap through Fused Filament Fabrication – 
an open-source desktop 3-D printer are used in this study, which is assumed to be linearly 
elastic, isotropic and homogeneous with Young’s modulus (E) 1.8 GPa (Tymrak et al., 
2014) and Poisson’s ratio (ν) 0.33 (Guessasma et al., 2015). Thus, the shear modulus (G) 
can be obtained through the relationship G = E/2/(1+ʋ). The dimensions are chosen to be 
millimeters that can be manufactured by da Vinci 2.0. 3-D printer. Beam elements 
BEAM188 are utilized to discretize the whole model, which are based on Timoshenko 
beam theory that include shear-deformation effects with six degrees of freedom including 
translations in the x-, y-, and z- directions and rotations about the x-, y-, and z- directions, 
32 
 
respectively. Mesh convergence study was conducted first to eliminate the dependence of 
the results on the mesh size by considering both the computation time and the precision. 
Eventually, the element size in one millimeter is chosen to carry out all the static 
simulations afterward.  
 
Fig. 2.8 Comparison of the effective Poisson’s ratios between the analytical solutions 
with simulated results by changing θ1 and θ2 
Figure 2.8 shows the comparison of the effective Poisson’s ratios between the 
analytical (denoted by solid lines) and FE simulated (marked by symbols) predictions by 
changing θ1 and θ2 simultaneously with α = 1, β = 1 and γ = 0.1. The good agreement is 
achieved between two different prediction methods. In addition, for the three different unit 
cells, the angle 20° is approximately a transition point under the prescribed geometrical 
parameters with UC #01 changing from decreasing trend to increasing trend, UC #03 
changing from positive to negative Poisson’s ratios and UC #02 from increasing trend to 




Fig. 2.9 Comparison of normalized Young’s modulus between the analytical solutions 
with the simulated results by changing θ1 and θ2 
In addition, Fig. 2.9 displays the comparison of normalized Young’s modulus 
between the derived analytical and FE simulation results. Good agreement between the two 
predictions is found especially for the UC #02 and UC #03 structures; however, for UC 
#01 structure, the FE predicted results are slightly higher than the analytical solutions. 
When θ1 and θ2 both equal to zero, the three re-entrant structures become the conventional 
square structures as illustrated in Fig. 2.9. For UC #02 structure, Wang and McDowell 
(2004) provided the simple formula for the normalized stiffness E* that is 0.5γ (here with γ 
= 0.1, E* = 0.05), which is the same as the value shown in Fig. 2.9. Additionally, they also 
gave the formula for Poisson’s ratio νyx that is 0.5νsγ (here with γ = 0.1, νs = 0.33,νyx = 
0.0165). However, in the current study, νyx is obtained as zero. The difference is caused by 
the fact that in the present study, the axial shrinkage of the beams due to the normal stress 
was ignored while Wang and McDowell (2004) considered it. However, based on the 
preliminary observation that its effect on strut deformation is negligible compared to 
bending and shearing, so the theoretical work here did not take the axial shrinkage into 
account. Furthermore, for UC #03 structure with θ1 and θ2 both being zero, Mousanezhad 
et al. (2016) named them as a hierarchical square honeycomb and employed an energy 
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based approach to derive Young’s modulus and Poisson’s ratio. With ɑ = 1, β = 1, γ = 0.1, 
we can get E*×100 = 0.0395, νyx = 0.5929, which is almost the same as what it was 
calculated here, E*×100=0.0392, νyx =0.5919. However, for UC #01 structure, no literature 
was found regarding their properties to the best of the author’s knowledge.  
2.4.2 Poisson’s ratio 
By assuming the rotation at the intersection of the cell walls with different lengths to 
be zero, the zero Poisson’s ratio based on the star structure was obtained by Gong et al. 
(2015). However, in the current study, different assumptions during structural analysis are 
employed that constitutes the main reason for the distinct results. In this section, the effect 
of different geometrical parameters on the effective Poisson’s ratio is investigated, in which 
the effective Poisson’s ratios are calculated using the formulas listed in Table 2.1. 
As is illustrated in Fig. 2.10, with the other parameters fixed as θ2 = 5°, α = 1, β = 0.1 
and γ = 0.1, all the absolute magnitudes for three unit cells are increasing with the increase 
of the re-entrant angle θ1, although Poisson’s ratio for UC #01 and UC #03 display negative 
values while UC #02 exhibit positive values. The different signs of Poisson’s ratio are 
attributed to the different strut location relative to the applied force. For UC #02, due to the 
edge struts that support the compressive force, the re-entrant struts in the loading direction 
bend outward and bring the whole unit cell to expand in the lateral direction. However, for 
UC #03, because of the middle struts resisting the compressive force in the loading 
direction, the re-entrant struts bend inward that brings the whole structure to shrink in the 
lateral direction, which brings about the auxetic effect. Additionally, for UC #01 in which 
both edge and middle struts support loading, it has a more pronounced auxetic effect 
compared with UC #03. This is an interesting phenomenon that the edge strut loading 
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doesn’t compromise the auxeticity (such as UC #02 structure); on the contrary, the 
combination of the middle strut and the edge strut loading leads to stronger auxetic effect. 
 
Fig.2.10 Variation of the effective Poisson’s ratio with respect to re-entrant angle θ1 with 
θ2 = 5°, α = 1, β = 0.1 and γ = 0.1 
 
Fig.2.11 Variation of the effective Poisson’s ratio with respect to re-entrant angle θ2 with 
θ1 = 5°, α = 1, β = 0.1 and γ = 0.1 
In addition, with θ1 = 5°, α = 1, β = 0.1 and γ = 0.1 setting as constants as shown in 
Fig. 2.11, the increasing of the re-entrant angle θ2 has different influence on the effective 
Poisson’s ratios compared with the re-entrant angle θ1 as shown in Fig. 2.10. When the 
angle θ2 is smaller than 25°, the values of Poisson’s ratio for all three unit cells decrease 
accordingly with only UC #01 presents negative values. Besides, the UC #03 has larger 
positive Poisson’s ratios than UC #02. After θ2 exceeds 25°, the UC #02 has near-zero 
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Poisson’s ratios while Poisson’s ratios of UC #03 gradually drop below zero and stay 
around − 0.2 when the angle θ2 is higher than 45°. However, for UC #01, the absolute 
values of negative Poisson’s ratio decrease with the increase of θ2, which means at θ2 =25°, 
the UC #01 achieves the largest negative Poisson’s ratio − 0.77. It can be concluded that, 
for UC #01 structure, the re-entrant angle θ2 is the main influential factor for the existence 
of the transition angle, in which the maximum negative PR is obtained. 
 
Fig. 2.12 Variation of the effective Poisson’s ratio with respect to α with θ1 = 30°, θ2 = 
30°, β = 0.1 and γ = 0.1 
Furthermore, as displayed in Fig. 2.12 with θ1 = 30°, θ2 = 30°, β = 0.1 and γ = 0.1, 
the increase of the re-entrant strut length ratio L2/L1 α renders the UC #02 and UC #03 
more auxetic (larger negative Poisson’s ratio). Before approaching α = 1.3, the UC #01 has 
larger negative Poisson’s ratio compared with the UC #03; however, as α exceeds 1.3, the 
situation is reversed with the UC #03 possessing larger negative Poisson’s ratio. In addition, 
for the UC #02, the Poisson’s ratios keep positive values between 0.5 and 0.64 with the 
slightly decreasing trend, which demonstrates that the ratio α has little effects on Poisson’s 
ratios of the UC #02. 
It can be noted in Fig. 2.13 that for all the three unit cells, with the increase of the 
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ratio β, the effective Poisson’s ratios almost stay the same. When conducting a close-up 
observation, the amplitudes of change for three UCs are small with the difference around 
0.03 ~ 0.04. Exactly speaking, the UC #01 and UC #03 both display auxetic behavior with 
negative Poisson’s ratio −0.83 ~ −0.79 and −0.55 ~ −0.51, respectively. Meanwhile, for 
the UC #02, the Poisson’s ratios keep around 0.56-0.59.  
 
Fig. 2.13 Variation of the effective Poisson’s ratio with respect to β with θ1 = 30°, θ2 = 
30°, α = 1 and γ = 0.1 
Additionally, from Fig. 2.14, it can be easily observed that for all the three unit cells, 
with the increase of the slenderness ratio γ, the effective Poisson’s ratios do not change a 
lot, which is the same as displayed in Fig. 2.13. After doing a close-up observation, the 
amplitude of change is small with the difference around 0.02 ~ 0.03. To be specific, the 
UC #01 and UC #03 both display auxetic behavior with negative Poisson’s ratios − 0.86 ~ 
− 0.83 and − 0.56 ~ −0.54, respectively. However, for the UC #02, the positive Poisson’s 
ratios keep around between 0.57 and 0.89. Therefore, it can be seen from Figs. 2.12-2.14, 
the three length ratios α, β, and γ don’t have a dramatic influence on the effective Poisson’s 
ratios of the three UCs except that with the increase of the re-entrant strut length ratio α, 




Fig. 2.14 Variation of the effective Poisson’s ratio with respect to the slenderness ratio γ 
with θ1 = 30°, θ2 = 30°, α = 1 and β = 0.1 
As we can see from the above analysis, the key geometrical parameters to control the 
effective Poisson’s ratios are two re-entrant angles θ1 and θ2. Through the proper selection 
of the geometric parameters and strut connections between unit cells, it is possible to tailor 
the Poisson’s ratio in a wide range for the star-shaped lattice structure from negative to 
positive Poisson’s ratio to suit the unique requirements of an application.  
2.4.3 Young’s modulus 
Cellular materials can be divided into two main categories on the basis of the 
deformation mode: bending dominated and stretching dominated structures (e.g., 
Deshpande et al., 2001). According to the scaling laws employed for cellular structures, i.e. 
E*=a(ρr)b, the deformation mode for the cellular material is stretch-dominated when b is 
close to one and is bending-dominated when b is around 2 (Ashby, 2006). Although the 
cellular structures with bending-dominated modes don’t display higher stiffness compared 
with those with stretching-dominated modes, they have been applied to cushioning, 
packaging and energy absorption.  
As shown in Fig. 2.15, the arrow points to the left with α (=L2/L1) varying from 0.7 
to 1.7, which means the increase of α causes the decrease of the relative density ρr as 
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denoted in the horizontal axis with setting other parameters as constant values. However, 
by relating the normalized Young’s modulus E* to the relative density ρr, the variation 
trend for the three unit cells is different. For both UC #01 and UC #02, the values of 
normalized Young’s modulus are getting larger with the increase of the relative density 
while for the UC #03, the value is decreasing. When fitting the values of Young’s modulus 
versus the relative density (varying α), all the three structures exhibit a bending dominated 
behavior (b > 2). Furthermore, by comparing three different unit cell structures, the UC 
#02 gives the largest Young’s modulus followed by the UC #01 and UC #03. Taking the 
effective Poisson’s ratio into account (as shown in Fig. 2.12), it is wise to employ the UC 
#01 structure if both the negative Poisson’s ratio and specific stiffness are required in the 
application. 
 
Fig. 2.15 Variation of the normalized Young’s modulus E* with respect to the relative 
density ρr through varying α 
As is shown in Fig. 2.16, although the relative density decreases considerably by 
increasing β (=L3/L1) denoted by the left pointing arrow with θ1 = 30°, θ2 = 30°, α = 1 and 
γ = 0.1, the normalized Young’s modulus does not show so much difference, which is 
because the non-re-entrant struts in the loading direction only support compressive loading. 
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Compared with bending stresses in the re-entrant struts, compressive stress has little 
contribution to the stiffness of the unit cell structure. However, increasing the length L3 
increases the risk of the elastic buckling prior to yielding under the compressive loading. 
Therefore, the length L3 should be controlled to prevent the elastic buckling. In addition, 
the UC #01 ranks in the first place followed by the UC #02 and UC #03 regarding the 
elastic stiffness, which further demonstrates the UC #01 can preserve a good load-carrying 
capacity among the three proposed unit cells.  
 
Fig. 2.16 Variation of the normalized Young’s modulus E* with respect to the relative 
density ρr through varying β 
Figure 2.17 illustrates the revolution of the normalized Young’s modulus with 
respect to the relative density ρr through varying the slenderness ratio γ. The increase of 
slenderness ratio γ (=t/L1) improves the relative density ρr as denoted by the right  pointing 
arrow that, correspondingly, increases the effective Young’s modulus as shown in Fig. 2.17. 
Considering that the slenderness ratio γ has little effect on the effective Poisson’s ratio as 
illustrated in Fig. 2.14, therefore, to obtain desired stiffness requirement in the relevant 
application, increasing the slenderness ratio γ is a good option. Moreover, through fitting 
the normalized Young’s modulus with respect to the relative density, all the three unit-cell 
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structures exhibit bending-dominated behavior (b > 2).  
In addition, by setting θ2 = 10°, α = 1, β = 0.1 and γ = 0.1, increasing the re-entrant 
angle θ1 from 0° to 60° increases the relative density ρr as illustrated via the right pointing 
arrow the that correspondingly improves the effective Young’s modulus as illustrated in 
Fig. 2.18 (a). Moreover, through fitting the theoretical effective Young’s modulus with the 
relative density (varying θ1), the UC #02 displays a stretching-dominated behavior while 
for the UC #01 and UC #03, they both possess the bending dominated behavior. From Fig. 
2.18 (a), it can be readily noticed that the two re-entrant angles exert different effects on 
the effective Young’s modulus. With the increase of the re-entrant angle θ2, for the UC #02 
structure, the effective Young’s modulus drops dramatically from θ2 = 0° to θ2 = 15°and 
then displays little change with the increase of the re-entrant angle θ2. For the UC #01, as 
seen from the inset figure in Fig. 2.18(b), the effective Young’s modulus first increases to 
the highest point (θ2 = 15°) and then drops gradually to the steady value. However, for the 
UC #03, the change of the re-entrant angle θ2 has little effect on Young’s modulus by 
keeping almost a constant value. The difference of two re-entrant angles on the effective 
Young’s modulus is attributed to their different orientations with respect to the 
compressive loading direction. Increasing the re-entrant angle θ1 from 0° to 60° gradually 
brings re-entrant beam L1 parallel to the loading direction; on the contrary, for the re-entrant 
angle θ2, increasing its value brings the re-entrant beam L2 perpendicular to the loading 




Fig. 2.17 Variation of the normalized Young’s modulus E* with respect to the relative 
density ρr through varying γ 
  
                                   (a)                                                                      (b) 
Fig. 2.18 Variation of the normalized Young’s modulus E* with respect to the relative 
density ρr through varying (a) θ1 and (b) θ2 
2.5 Conclusions 
In the current study, the star-shaped re-entrant planar structures characterized by 
three non-dimensional geometrical parameters and two re-entrant angles are analyzed by 
using the Castigliano’s second theorem. Through changing the different strut connections 
between unit cells, three different unit cell models are obtained, which are labeled as UC 
#01, UC #02 and UC #03. All three deformation mechanisms (i.e., stretching, shearing and 
bending) of the struts under the compressive loading are incorporated, and  six closed-form 
formulas for the in-plane effective Young’s modulus and Poisson’s ratios are obtained. 
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These new formulas explicitly show that elastic properties of the planar cellular structures 
depend on the two re-entrant angles, the slenderness ratio, the other two non-dimensional 
length ratios, the Poisson’s ratio of the solid strut material as well as the cross-section of 
the struts. To verify the proposed analytical model, the finite element simulations are 
conducted, and a good agreement is achieved between the two different prediction methods.  
In summary, it has been demonstrated that through changing the different strut 
connections between the basic star-shaped re-entrant unit cell, the effective Poisson’s ratios 
can be tailored in a wide range from negative to positive Poisson’s ratios. Via connecting 
both middle and edge struts, the auxetic phenomenon is not weakened; on the contrary, the 
auxeticity is reinforced with a considerably improved stiffness compared with the 
structures only connecting the middle struts. In addition, only connecting the edge struts, 
auxeticity can not be achieved; however positive Poisson’s ratios are instead obtained with 
comparable effective Young’s modulus. Therefore, through the proper selection of the 
geometric parameters and strut connections, it is possible to tailor the Poisson’s ratio 





METAMATERIALS WITH NEGATIVE POISSON’S RATIO AND NON-POSITIVE 
THERMAL EXPANSION 
Studies have shown that there is no direct mechanistic relationships between the 
mechanisms for a negative PR and those for a negative CTE (Sigmund and Torquato, 1996; 
Huang and Chen, 2016). At the molecular level, it was also shown that zeolite can possess 
a negative PR and a negative CTE simultaneously (Woodcock et al., 1999; Grima et al., 
2000). One chiral lattice structure with bi-material ribs that can achieve a PR of – 1 and 
negative thermal expansion has recently been designed and fabricated by Ha et al. (2015). 
However, the stiffness of the proposed chiral structure is compromised due to the bending 
and nodal rotation of the chiral structure. There is a lack of systematic studies on 
metamaterials exhibiting both negative PRs and non-positive CTEs. This further motivated 
the current work. 
In this chapter, four planar bi-material metallic lattice metamaterials are designed, 
which do not involve pins, adhesive, welding or pressure-fit joints and can be fabricated 
through laser-based additive manufacturing (Ding and Kovacevic, 2016). The effective 
Poisson’s ratio and coefficient of thermal expansion of each designed metamaterial are 
evaluated. The effective Young’s modulus is also computed to measure the load-bearing 
capability of each metamaterial. Three material combinations are considered, which 
include aluminum-Invar (Al-Invar), aluminum-stainless steel (Al-St) and stainless steel-
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Invar (St-Invar). Comprehensive parametric studies are performed, and structure-property 
relations are explored for each of the four designed metamaterials. Based on these studies, 
the metallic lattice structure for achieving both a negative PR and a non-positive CTE is 
identified, which can be fabricated through laser-based additive manufacturing. 
3.1 Newly designed metamaterials 
The metallic metamaterials designed in the current study are based on star-shaped 
re-entrant lattice structures. Re-entrant structures are known to be one class of auxetic 
structures that display negative Poisson’s ratios (e.g., Lakes, 1987; Theocaris et al., 1997; 
Agnese and Scarpa, 2014; Gong et al., 2015). To obtain a negative thermal expansion 
coefficient additionally, two types of struts made from two metallic materials with different 
CTEs are employed in the current design of each metamaterial. Combining the re-entrant 
star-shaped structure and the bi-material lattice design will lead to new metamaterials that 
can attain both a negative CTE and a negative PR, as demonstrated below.  
Four metamaterials have been designed by following this combined approach. Fig. 
3.1 shows the four metamaterials designed, in each of which the red struts are made from 
the material with a higher CTE, while the blue struts are made from the material with the 
lower CTE. Each of the four designed metamaterials has a star-shaped, re-entrant, periodic 
lattice structure, whose unit cell is shown on its right. When heated, the thermal expansions 
of the struts are accommodated by their stretching and bending into the open spaces, 
resulting in a lower effective CTE. It can also be observed that each of the four 
metamaterials designs has a four-fold rotational symmetry that leads to an isotropic 
response under a homogeneous temperature change (e.g., Wei et al., 2016). In addition, all 
of the struts are assumed to be homogeneous, isotropic and linearly elastic and have a 
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constant CTE, and the cross section for each of the struts is taken to have the same 
rectangular shape.  
   
                     (a) Metamaterial # 1                                                (b) Metamaterial # 2 
  
                     (c) Metamaterial # 3                                               (d) Metamaterial # 4 
Fig. 3.1 Four metamaterials designed and their unit cells 
It can be seen from the unit cells shown Figs. 3.1(a)–3.1(d) that the four designed 
metamaterials can be characterized in a unified manner by using three or four geometrical 
parameters: three parameters for metamaterials # 1 and # 2, including two length 
parameters (H1 and H2 or H2 and H3) and one angle parameter (θ); four parameters for 
metamaterials # 3 and # 4, including three length parameters (H1, H2 and H3) and one angle 
parameter (θ). Note that the meaning of each parameter is kept the same for all of the four 
metamaterials to facilitate comparisons. In addition, in order to ensure the manufacturing 
feasibility of the four metamaterials, the following geometrical constraints have to be 
satisfied by the four parameters: 
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In Eq. (3.2), M, as defined, is the maximum value that H3 can take. Clearly, Eqs. (3.2) and 
(3.3) show that M is a positive constant for each given value of . By using t and M, the 
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These three parameters will be used in plotting the numerical results in Section 3.3. 
In addition, the unit cell for each metamaterial can be divided into eight sectors (see 
one sector indicated by a yellow shaded area for each case shown in Fig. 3.1). Through 
adjusting the sector (and thus the unit cell) geometry, the anisotropy of the metamaterial 
can be tuned to satisfy the needs for specific applications. In particular, by making the eight 
sectors identical, isotropic in-plane material properties can be obtained. In the current study, 
only isotropic cases with identical sectors are considered, as indicated in Fig. 3.1. 
Three materials, i.e., aluminum (Al) 7075, stainless steel (St) 431 and Invar, are 
chosen for the struts, and three material combinations, i.e., Al-Invar, Al-St and St-Invar, 
are considered in the current study. The values of Young’s modulus and CTE for the strut 
materials are listed in Table 3.1, which are adopted from Wei et al. (2016). In addition, the 
Poisson’s ratio and density are assumed to remain constant over the temperature range 
considered for each strut material, as indicated in Table 3.1. The values of  and ρ for the 
strut materials at the room temperature T = 20°C listed in Table 3.1 are commonly used 
ones (e.g., www.efunda.com; Corredor et al., 2013). 
The formula for the relative density r, defined as r =  /H where H is the strut 
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material with the higher CTE, for each of the four designed metamaterials is given in Table 
3.2, which is derived directly from each unit cell shown in Fig. 3.1.  

















71 23.0 0.33 2810 20 
66 24.3 0.33 2810 200 
St 431 
193 10.3 0.28 7800 20 
178 10.3 0.28 7800 200 
Invar 
144 1.1 0.29 8050 20 
135 2.5 0.29 8050 200 
Table 3.2 Relative density for the four designed metamaterials 
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  , t is the thickness of the struts, and L and 
H are the density of the strut material with the lower CTE and higher CTE, respectively. 
 
3.2 Finite element simulations 
3.2.1 Periodic boundary conditions  
For the four designed metamaterials shown in Figs. 3.1(a)–(d), which are periodic 
lattice structures, the simulations are carried out by employing the unit cells identified, and 
the periodic boundary conditions are enforced. The use of periodic boundary conditions 
ensures the continuity of displacements and rotations between adjacent cells (e.g., Li et al., 
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2005b, 2006).  
To illustrate the periodic boundary conditions for the current models, metamaterial 
# 1 (see Fig. 3.1(a)) is considered here as an example. The lattice structure of this 
metamaterial is periodic, i.e., each node on one side (e.g., A+) of the unit cell has a matched 
node on the opposite side of the unit cell (e.g., A), as shown in Fig. 3.2. 
For a uniaxially loaded specimen in the ith direction subjected to a prescribed strain 
i, the periodic boundary conditions can be written as (e.g., Li et al., 2005b, 2006) 
   ,  1,2 ; 0,k k k k k ki i i i iu u x x i  
     







are, respectively, the positions of the matched nodes k+ and k on the 







are, respectively, the normal displacement components of k+ and k, and k   k  are, 
respectively, the rotations of k+ and k.  
 
Fig. 3.2 Matched nodes on the boundary of the unit cell for metamaterial # 1 
For the unit cell of metamaterial # 1 shown in Fig. 3.2 under the uniaxial loading in 





















A A B B C C
x x x x x x
A A B B C C
y y y y y y
D D E E F F
x x x x x x
D D E E F F
y y y y y y
A A B B C C
D D E E F F
u u u u u u
u u u u u u
u u u u u u
u u u u u u
     
     
     
     
     
     
     
     
  
    





where A+, A; B+, B; C+, C;  D+, D; E+, E; and F+, Fare six pairs of the matched nodes 
on the boundary, as displayed in Fig. 3.2. To implement these periodic boundary conditions 
in the finite element simulations, the matched nodes of A+, A¯ and D
+, D¯ are taken to be 
the reference nodes. To prevent any rigid body motion, the node A¯ is fixed in each 
simulation. These periodic boundary conditions are similar to those presented in Harders 
et al. (2005) without derivations. For the uniaxial deformation in the x-direction, the 
periodic boundary conditions can be similarly obtained from the general formulas listed in 
Eq. (3.5).  
ANSYS Mechanical APDL 16.2 is employed to perform all the FE simulations, in 
which the periodic boundary conditions including those listed in Eq. (3.6) are implemented 
through constraint equations.  
3.2.2 Finite element mesh 
In order to simulate the planar lattice metamaterials designed, several element types 
available in the element library of ANSYS can be chosen. The 3-D beam and shell elements 
have advantages over 3-D solid elements in computation efficiency. Also, for the struts in 
the lattice structures considered in the current study, one dimension is larger than the other 
two dimensions. Hence, beam elements are more suitable. As a result, the element BEAM 
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189 in ANSYS is selected. This beam element is based on the Timoshenko beam theory 
(e.g., Ma et al., 2008; Roque et al., 2013; Gao, 2015) and is a quadratic three-node beam 
element suitable for analyzing slender to moderately thick beam structures. This element 
has six degrees of freedom at each node: translation in each of the three directions and 
rotation about each of the three directions.  
For illustration purposes, only metamaterial # 1 and the material combination Al-
Invar are considered in the finite element simulations presented in this section. 
Figure 3.3 shows the finite element mesh of the unit cell for metamaterial # 1, which 
is constructed using the BEAM 189 elements (totaling 940 for the unit cell with H1 = 10 
mm, H2 = 30 mm,  = 30,  and t = w = 2 mm displayed here). Based on a convergence 
study, a size of 0.5 mm in the axial length is chosen for each BEAM 189 element. The 
cross-sectional dimensions of the beam element are those of the strut defined by t  w, 
where t is the strut thickness and w is the strut width (i.e., the out-of-plane length in the z 
direction). Note that in Fig. 3.3 and in Fig. 3.6 the beam elements are displayed with nodes 
(including corner nodes) on cross-section boundaries to better visualize the finite element 
mesh, even though each BEAM 189 element can be represented using a one-dimensional 
line element along the axial direction because of the uniform cross-section adopted in 
constructing the beam element. In addition, it should be mentioned that no out-of-plane 
deformation is considered in the current study.  
3.2.3 Simulation results 
In addition to the effective PR and CTE, the effective Young’s modulus is computed 
as a measure of the structural load-carrying capacity. The temperature change and 
mechanical loading are applied independently. Thermal deformations are considered for 
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the temperature change from the room temperature (20 °C) to 180 °C. The effective CTE 
is calculated by measuring the length change between the matched nodes on two sides of 
the unit cell. The effective Young’s modulus and PR are determined from the unit cell (see 
Fig. 3.2) under the periodic boundary conditions by applying a uniform displacement on 
the top side of the unit cell in the y direction and by setting the y displacement on the bottom 
side to be zero.  
 
Fig. 3.3 Finite element mesh of the unit cell for metamaterial # 1 
The effective Poisson’s ratio , the effective Young’s modulus E and the effective 





















where a is the applied strain in the y-direction, εx is the lateral strain in the x-direction that 






















FR is the resultant force in the y-direction that can be determined from the summation of 
the nodal forces at the nodes A+, B+ and C+ on the top side of the unit cell, Aeff [= 
2(H1+H2)w] is the effective area perpendicular to the loading direction (e.g., Li et al., 
2003, 2005a), T is the temperature change, and 
T
y is the thermal strain in the y-direction 
that is induced by the temperature change and can be computed from the nodal 
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Figure 3.4 displays the effective Poisson’s ratio  and the normalized effective CTE 
* ( /Al; Al = 23.0 ppm/°C) varying with the parameter p based on the unit cell shown 
in Fig. 3.1(a) with the given parameters q = 50,  = 20 and Al-Invar material combination.  
The values of  and * are obtained from Eqs. (3.7) and (3.9). It is seen from Fig. 3.4 that 
both  and * decrease with the increase of p, which means that the effective PR and CTE 
become less negative when the parameter p gets larger. The variation in the parameter p 
from 3 to 12 leads to a decrease of 360% for the effective PR   and a decrease of 103% 
for the effective CTE *.  
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                                       (a)                                                                   (b) 
Fig. 3.4 Variations of (a) the effective Poisson’s ratio  and (b) the normalized effective 
CTE * ( /Al) with the parameter p for metamaterial # 1 with q = 50,  = 20 and the 
Al-Invar combination 
The variations of the normalized effective Young’s modulus E* ( E/EAl; EAl = 71 
GPa) and the relative density r with the parameter p are shown in Fig. 3.5 based on the 
same unit cell with q = 50,  = 20 and Al-Invar material combination. The values of E* 
are obtained from Eq. (3.8), while those of r are computed using the formula given in 
Table 3.2 for metamaterial # 1 that estimates the relative density without considering the 
overlapping near the strut joints. 
It is observed from Fig. 3.5 that both E* and r decrease with the increase of p. 
According to the scaling law for cellular materials given by E* = a(ρr)b (e.g., Gibson and 
Ashby, 1997; Ashby, 2006), the deformation mode for the cellular material is stretch-
dominated when b is close to one and is bending-dominated when b is around 2. Through 
fitting E* with ρr, it is found that a = 22.6, b = 1.001, which indicates that the deformation 
mode for metamaterial # 1 is stretch-dominated. This agrees with what is predicted by 
Maxwell’s stability criterion (Ashby, 2006), which gives M = b – 2j + 3 = 7, with the 
number of struts b being 20 and the number of joints j being 8 in the unit cell, for 
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matematerial # 1, which can be modeled as a pin-joined 2-D frame. With M =7 > 0, 
deformations of matematerial # 1 should be stretch-dominated according to Maxwell’s 
stability criterion.  
     
                                      (a)                                                                    (b) 
Fig. 3.5 Variation of (a) the normalized effective Young’s modulus E* ( E/EAl) and (b) 
the relative density r with the parameter p for metamaterial # 1 with with H1=10 mm, H2 
= 100 mm,  = 20 and the Al-Invar combination   
Figure 3.6 shows the simulated deformations of the unit cell for metamaterial # 1 
induced by a uniaxial compression in the y direction and a temperature increase of 160 °C, 
respectively. From Fig. 3.6(a), it is clearly seen that the metamaterial contracts in the x 
direction under the uniaxial compression in the y direction. This can be attributed to the 
well-known folding and unfolding mechanism exhibited by re-entrant structures under 
compressive and tensile loads, respectively (e.g., Lakes, 1987). Also, it is observed from 
Fig. 3.6(b) that the metamaterial undergoes a thermal contraction upon the uniform 
temperature increase. This results from the use of two strut materials with different values 
of CTE and the expansions of these struts into free spaces available, which is known to be 
one mechanism for achieving a negative CTE (e.g., Grima et al., 2007). These demonstrate 
that the bi-material planar lattice structure of metamaterial # 1 designed in the current study 
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can indeed exhibit a negative PR and a negative CTE simultaneously. 
   
                                        (a)                                                                  (b) 
Fig. 3.6 Deformation of the unit cell for metamaterial # 1 with H1=10 mm, H2 = 30 mm, 
θ = 30°, t = w = 2 mm and the Al-Invar combination induced by (a) a uniaxial 
compression in the y direction; (b) a temperature increase of 160 °C. The black lines 
stand for the undeformed configurations, and the color lines denote the deformed 
configurations. Also, the colored legend bars represent displacements, with the unit in 
millimeters for each case.  
3.3 Parametric study 
To understand how geometrical parameters and material combinations influence the 
properties of each metamaterial designed in Section 3.1, parametric studies have been 
conducted by using the unit cell-based finite element models described in Section 3.2. The 
numerical results are presented and discussed in this section.  
3.3.1 Metamaterial # 1 
For this metamaterial, the unit cell is displayed in Fig. 3.1(a), and the finite element 
simulation results showing the effects of the strut thickness on the effective Poisson’s ratio, 
CTE, Young’s modulus, and the relative density have been presented in Section 3.2. 
Figure 3.7 shows how the effective Poisson’s ratio , CTE *, Young’s modulus E*, 
and the relative density r vary with H2 and θ. The numerical values of , * and E* are 
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obtained from Eqs. (3.7)-(3.9) after each finite element simulation is completed. The values 
for r displayed in Fig. 3.7(d) are computed using the formula for metamaterial # 1 listed 
in Table 3.2. 
Figure 3.7(a) displays the effective Poisson’s ratio   varying with H2 and θ. It is clearly 
seen that for each value of θ,  is negative over the entire range of H2, and  reaches a 
maximum value (in magnitude) near H2/H1 = 1. After this extremal point,   increases with 
H2 for each value of θ under consideration. From Fig. 3.7(b), it is seen that the normalized 
effective CTE * first decreases and then remains almost unchanged with the increase of 
H2 for all four lattice structures considered. The transition point for each of the lattice 
structures with a different value of the re-entrant angle θ occurs after H2 becomes larger 
than H1. This means that when the ratio of H2/H1 < 1, a change in H2 leads to a considerably 
larger change in * than that when H2/H1 > 1 in each of the four cases considered. In 
addition, it is observed that θ has a larger effect on * than H2 after H2/H1 becomes greater 
than 1. With the increase of θ, * changes dramatically from positive values to negative 
ones. This implies that a larger re-entrant angle θ is more beneficial in attaining a more 
negative CTE.  
Figures 3.7(c) and 3.7(d) show, respectively, the normalized effective Young’s 
modulus E* and the relative density r changing with H2 for four different values of θ. It is 
seen that both E* and r decrease with H2. However, they exhibit different variation trends 
as θ changes: E* decreases with θ, while ρr increases with θ. This can be attributed to the 
fact that a larger re-entrant angle brings the entire lattice structure more inward that reduces 
the void area and thus increases the relative density. On the other hand, a larger re-entrant 
angle makes the lattice structure more compliant, thereby leading to a lower stiffness 
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(Young’s modulus). This differs from the general trend that the stiffness of a regular 
cellular material increases with the relative density (e.g., Gibson and Ashby, 1997; Li et 
al., 2003). In summary, in order to obtain the largest negative PR and CTE (in magnitude), 
the ratio of H2/H1 should be chosen to be close to one, and an appropriate value of θ should 
be used to obtain the desired values for the effective PR and CTE without significantly 
compromising stiffness. 
 
                                           (a)                                                      (b) 
  
                                         (c)                                                        (d) 
Fig. 3.7 Variations of the effective properties of metamaterial # 1 with H2 and θ: (a) the 
effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) the 
normalized effective Young’s modulus E* ( E/EAl), and (d) the relative density r 
Figure 3.8 depicts the variations of the properties of metamaterial # 1 for three different 
material combinations. Fig. 3.8(a) displays how the effective Poisson’s ratio  changes 
with θ for the three material combinations. For each material combination,  reaches a 
largest negative value (in magnitude) when θ changes from 0° to 40°: at θ = 10° for the Al-
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Invar combination, at θ = 20° for the St-Invar combination and at θ = 15° for the Al-St 
combination. It is also clear from Fig. 3.8(a) that  does not decrease monotonically with 
the increase of θ. The Al-St combination gives the maximum negative Poisson’s ratio of 
0.1529, and the Al-Invar and St-Invar combinations yield the maximum negative 
Poisson’s ratios of 0.0314 and 0.0478, respectively. From Fig. 3.8(b), it is seen that the 
metamaterial with the Al-St combination exhibits a positive CTE with the increase of θ, 
while those with the Al-Invar and St-Invar combinations show a CTE decreasing from * 
= 0.1087 to 0.5692 and from * = 0.1088 to 0.1340, respectively. The transition point 
from positive to negative values occurs around θ = 17° for the Al-Invar combination and  
    
                                        (a)                                                         (b) 
       
                                        (c)                                                           (d) 
Fig. 3.8 Variations of the properties of metamaterial # 1 with θ for three material 
combinations: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( 
/Al), (c) the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative 
density r. The cross-section of each strut is square with t = w = 2 mm. 
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around θ = 28° for the St-Invar combination. The different CTE ratio for each material 
combination (see Table 3.1) is a reason why different responses to the change of θ are 
obtained.  
From Fig. 3.8(c), it is seen that E* decreases with the increase of θ for all the three 
material combinations. Also, it is found that the metamaterial with the Al-Invar 
combination has the lowest value of E* among the three material combinations. For the 
metamaterial with the Al-St combination, E* exhibits the largest change among the three 
when θ goes from 0° to 40°. Fig. 3.8(d) shows that the relative density r is the largest for 
the metamaterial with the Al-Invar combination and the smallest for that with the St-Invar 
combination. In addition, it is observed that r increases as θ increases for each of the three 
material combinations considered. 
3.3.2 Metamaterial # 2 
For this metamaterial, the unit cell is displayed in Fig. 3.1(b). From Figs. 3.1(a) and 
3.1(b), it can be seen that the main difference between metamaterial # 2 and metamaterial 
# 1 is that there exists an interior structure within the basic star-shaped structure for 
metamaterial # 2. Also, H3 is a new parameter whose effects on the metamaterial properties 
need to be studied along with those of H2 and θ. 
Figure 3.9 shows the variations of the effective Poisson’s ratio , CTE *, Young’s 
modulus E*, and the relative density r with the parameter H3 and the strut thickness t. The 
numerical values of  , * and E* are obtained from Eqs. (3.7)–(3.9) after each finite 
element simulation based on the unit cell shown in Fig. 3.1(b) is completed. The values for 
r are computed using the formula for metamaterial # 2 given in Table 3.2.  
It is observed from Figs. 3.9(a) and 3.9(b) that H3 has a large effect on   and *. 
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From Fig. 3.9(a), it is seen that for each value of t other than t = 1 mm,  decreases 
monotonically with the increase of H3, and for a given value of H3,  decreases as t 
increases. However, the effect of H3 on * is different from that on . Fig. 3.9(b) shows 
that when the strut thickness t = 5 mm, no negative * can be obtained, and the smallest * 
(around 0.01) is reached when m = H3 /M = 0.5. However, when t becomes smaller, the 
range and value of attainable negative * are getting larger: when t = 4 mm, * is negative 
in the range of 0.4 < m < 0.6 and reaches the maximum of 0.0085; when t = 3 mm, * is 
negative in the range of 0.34 < m < 0.7 and reaches the maximum of 0.0352; when t = 2 
mm, * is negative in the range of 0.3 < m < 0.76 and reaches the maximum of 0.0805;  
     
                                            (a)                                                       (b) 
       
                                              (c)                                                    (d) 
Fig. 3.9 Variations of the properties of metamaterial # 2 with H3 for five values of t: (a) 
the effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) the 
normalized effective Young’s modulus E* ( E/EAl), and (d) the relative density r. Here 
m  H3/M. 
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when t = 1 mm, * is negative in the range of 0.26 < m < 0.86 and reaches the maximum 
of  0.1668. Furthermore, Fig. 3.9(c) reveals that the effective Young’s modulus E* 
increases as H3 increases for each value of t. Also, increasing t leads to the increase of E
*, 
as expected. In addition, Fig. 3.9(d) shows that the relative density r decreases only 
slightly with the increase of H3, while it enlarges as t increases.  
Figure 3.10 displays how the effective PR, CTE, Young’s modulus, and the relative 
density change with the non-dimensional parameter m and the re-entrant angle θ.  
From Fig. 3.10(a), it can be observed that the lattice structure of metamaterial # 2 
cannot yield any negative PR value for the specified geometrical parameters and material  
combination. Instead, this lattice structure exhibits a large range of positive PR values from 
0.1665 to around 1.0143. When H3 increases, the PR decreases and reaches its minimum 
near H3/M = 0.9 in each case with a different value of θ. From Fig. 3.10(b), it is seen that 
no negative CTE value can be obtained for the metamaterial with θ = 35° when m ( H3 
/M) varies from 0.1 to 0.9. However, for the metamaterial with θ = 25°, negative CTE 
values can be obtained when 0.65 < m < 0.9. For the metamaterial with θ = 15°, negative 
CTE values become possible when 0.4 < m < 0.85 and the maximum negative CTE is 
reached when m is around 0.7. However, after this point, the normalized CTE, *, jumps 
from 0.1022 to 0.0486 at m = 0.9. For the metamaterial with θ = 5°, the transition point 
from positive to negative CTE is around m = 0.3, and the maximum negative CTE is 
reached around m = 0.6.  
From Fig. 3.10(c), it is observed that the effective Young’s modulus E* increases as 
H3 increases for each value of θ but it decreases considerably with the increase of θ for a 
given value of H3. A comparison of the lattice structures with θ = 5° and 35° shows that 
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the difference is significantly large, with E* = 3.6933×10−2 for the former and E* = 
0.1722×10−2 for the latter when m = 0.9. Furthermore, Fig. 3.10(d) shows that the relative 
density r decreases with the increase of H3 but does not exhibit a monotonic trend as θ 
increases. In summary, when θ is small, the lattice structure of metamaterial # 2 can attain 
a negative CTE, a large positive PR and a high Young’s modulus. By choosing θ and H3 
properly, this metamaterial can be tailored to exhibit negative CTE values and large 
positive PR values.  
     
                                             (a)                                                     (b) 
      
                                             (c)                                                      (d) 
Fig. 3.10 Variations of the properties of metamaterial # 2 with m for four different values 
of θ: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) 
the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative density r. 
Here m  H3/M. 
Figure 3.11 shows the variations of , *, E* and r with θ for metamaterial # 2 with 
three different material combinations.  
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From Fig. 3.11(a), it can be observed that with the increase of θ,   remains almost 
unchanged after θ becomes larger than 20°. From Fig. 3.11(b), it is seen that only the lattice 
structure with the Al-Invar combination displays negative CTE values when θ is less than 
23.5°, while the other two material combinations cannot result in any negative CTE value 
over the entire range of θ even though the metamaterial with the St-Invar combination 
exhibits near-zero CTE values when θ is less than 15°. A comparison of Figs. 3.11(a) and 
3.11(b) shows that the effect of the material combination on  is opposite to that on *. 
That is,  changes from the largest to the smallest, while * goes from the smallest to the 
largest, when the material combination varies in the order of Al-Invar, St-Invar and Al-St. 
     
                                        (a)                                                         (b) 
     
                                      (c)                                                            (d) 
Fig. 3.11 Variations of the properties of metamaterial # 2 with θ for three material 
combinations: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * 
(/Al), (c) the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative 
density r. The cross section of each strut is square with t = w = 2 mm. 
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The variation of the effective Young’s modulus with θ is displayed in Fig. 3.11(c), which 
shows that E* is the highest for the metamaterial with the Al-St combination and the lowest 
for that with the At-Invar combination, with E* for the metamaterial with the St-Invar 
combination being in the middle. Furthermore, it is seen from Eq. 3.11(c) that E* is greatly 
reduced with the increase of θ for each of the three material combinations. Fig. 3.11(d) 
displays how the relative density r changes with θ. Clearly, it is observed from Fig. 3.11(d) 
that r decreases as θ increases for all of the three material combinations considered. Also, 
r is the largest for the metamaterial with the Al-Invar combination and the smallest for 
that with the St-Invar combination, which is the same order as that exhibited by 
metamaterial # 1 (see Fig. 3.8(d)). 
3.3.3 Metamaterial # 3 
It can be seen from Fig. 3.1 that metamaterial # 3 is modified from the design for 
metamaterial # 2 by adding four struts to the outskirt of its unit cell. As a result, H1 is also 
involved in metamaterial # 3 in addition to the other three parameters H2, H3, and θ.  
Figure 3.12 shows the variations of the effective PR, CTE, Young’s modulus, and 
the relative density with the parameter m and re-entrant angle θ. The numerical values of 
, * and E* are obtained from Eqs. (3.7)– (3.9) after each finite element simulation based 
on the unit cell shown in Fig. 3.2(c) is completed. The values for ρr are computed using the 
formula for metamaterial # 3 given in Table 3.2. 
From Figs. 3.12(a) and 3.12(b), it is seen that the effects of changing the locations of 
the struts with the higher thermal expansion (through adjusting H3) on the effective 
Poisson’s ratio  and CTE * are different. Fig. 3.12(a) shows that the minimum value of 
, which is close to zero, is obtained when H3 approaches its maximum limit. Also,  
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increases to a maximum value and then decreases with the increase of H3 for each value of 
θ. It is observed from Fig. 3.12(b) that the maximum value of * (in magnitude) is reached 
when m  H3/M = 0.5 for θ = 5°, m = 0.7 for θ = 10°, m = 0.7 for θ = 15°, m = 0.8 for θ = 
20°, and m = 0.8 for θ = 25°. Meanwhile, for each value of θ, the trend of * changing with 
H3 in the first and second half regions of H3 is opposite to each other: in the first half * 
decreases with H3, but in the second half * increases with H3. Therefore, H3 should be 
combined with θ to obtain desired * values. It is seen from Fig. 3.12(c) that the effective 
Young’s modulus E* increases considerably as H3 approaches its maximum value. Fig. 
3.12(d) shows that the relative density r decreases with H3 for each value of θ. Therefore, 
    
                                            (a)                                                       (b) 
    
                                            (c)                                                          (d) 
Fig. 3.12 Variations of the properties of metamaterial # 3 with H3 for five different values 
of θ: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) 
the normalized effective Young’s modulus E*( E/EAl), and (d) the relative density ρr. 
Here m  H3/M. 
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using the maximum possible value for H3 will lead to a large Young’s modulus and a near-
zero Poisson’s ratio, but negative CTE cannot be attained simultaneously for the Al-Invar 
material combination considered.  
The effects of H2 and t on the properties of metamaterial # 3 are displayed in Figs. 
3.13(a)–(d). It is clearly observed from Figs. 3.13(a) and 3.13(b) that these two parameters 
have opposite effects on the effective Poisson’s ratio and CTE. Increasing H2 results in a 
large positive Poisson’s ratio value and a large negative CTE value (in magnitude). 
Meanwhile, increasing the strut thickness t renders the Poisson’s ratio to approach zero and 
makes the CTE value less negative or even positive. Fig. 3.13(c) shows that the effective 
     
                                           (a)                                                      (b) 
     
                                           (c)                                                        (d) 
Fig. 3.13 Variations of the properties of metamaterial # 3 with H2 for five different values 
of t: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) 
the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative density r. 
Here m  H3/M. 
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Young’s modulus E* decreases with the increase of H2 and enlarges as t increases. In 
addition, the relative density r decreases with H2 for each value of t and becomes larger 
as t gets larger. Therefore, to obtain a lattice structure of metamaterial # 3 with a small or 
near-zero PR and CTE, thicker struts should be used together with a smaller H2 (than H1), 
which will also ensure a sufficiently high Young’s modulus (see Fig. 13(c)). 
Figure 3.14 displays the variations of , *, E* and r with θ for metamaterial # 3 
with three different material combinations.  
It is observed from Figs. 3.14(a) and 3.14(b) that changing the material combination 
from Al-Invar to St-Invar to Al-St leads to the variations of the values of  and * and  in 
opposite orders, which is the same as that observed in Sections 3.3.1 and 3.3.2 for 
metamaterials # 1 and # 2, respectively. It is seen from Fig. 3.14(a) that only when θ is 
smaller than 1°, negative values may be attained for the effective Poisson’s ratio . With 
the increase of θ,  first increases until reaching its maximum value and then decreases. 
Fig. 3.14(b) shows that the lattice structure with the Al-Invar combination can attain 
negative CTE values when θ is in the range of 1° to 33°, while the lattice structures with 
the St-Invar and Al-St combinations can do so only when 2° < θ < 25° and 2.5° < θ < 15°, 
respectively. It is observed from Fig. 3.14(c) that the effective Young’s modulus E* is the 
highest for the Al-St combination and the lowest for the Al-Invar combination. Also, E* 
increases monotonically with θ. Fig. 3.14(d) reveals that the relative density r does not 
display a monotonic variation as θ increases. This is different from that observed in 
Sections 3.3.1 and 3.3.2 for metamaterials # 1 and # 2 (see Figs. 3.8(d) and 3.11(d)). 
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                                     (a)                                                               (b)         
      
                                     (c)                                                                 (d) 
Fig. 3.14 Variations of the properties of metamaterial # 3 with θ for three material 
combinations: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( 
/Al), (c) the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative 
density r. The cross section of each strut is square with t = w = 2 mm. 
3.3.4 Metamaterial # 4 
As shown in Fig. 3.1, metamaterial # 4 can be obtained from combining the lattice 
structures for metamaterials # 1 and # 2. As a result, all four geometrical parameters are 
involved in this design and their effects on the properties of metamaterial # 4 need to be 
studied.  
Figure 3.15 displays how the effective PR, CTE, Young’s modulus, and the relative 
density change with H3 and θ. The numerical values of , * and E* are obtained from Eqs. 
(3.6)–(3.8) after each finite element simulation based on the unit cell shown in Fig. 3.2(d) 
is completed. The values for r are computed using the formula for metamaterial # 4 given 
in Table 3.2. It is seen from Fig. 3.15(a) that a smaller angle θ leads to a smaller  . Fig. 
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3.15(b) shows that the effect of θ on * of metamaterial # 4 does not display a clear and 
consistent trend. For the lattice structures of metamaterial # 4 with θ = 5°, 35° and 40°, no 
negative CTE can be attained over the entire range of H3. However, for θ = 10°, 15°, 20°, 
25° and 30°, the metamaterial with a negative CTE can be obtained when H3  exceeds a 
specific transition point. Therefore, in order to obtain a negative CTE for metamaterial # 4, 
the value of θ should not be 5°, 35° or 40°. It appears that θ = 10° is a good design option 
if both near-zero PR and CTE are desired. Fig. 3.15(c) shows how the effective Young’s 
modulus E* changes with the geometrical parameters H3 and θ. It can be seen that θ has a 
much more pronounced effect on E* than H3. For the relative density r, it is observed from 
Fig. 3.15(d) that r decreases with the increase of H3 for each value of θ. 
       
                                            (a)                                                        (b) 
     
                                              (c)                                                        (d) 
Fig. 3.15 Variations of the properties of metamaterial # 4 with H3 for eight different 
values of θ: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( 
/Al), (c) the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative 
density r. Here m  H3/M. 
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The effects of H2 and t on the properties of metamaterial # 4 are shown in Figs. 
3.16(a)–(d). For the effective Poisson’s ratio , Fig. 3.16(a) shows that with the increase of 
H2,  does not increase monotonically. Moreover, increasing t leads to larger . From Fig. 
3.16(b), it is seen that increasing H2 results in smaller *. Also, reducing the strut thickness 
t leads to a decrease in *, which is the same variation trend as that exhibited by . In 
addition, it is seen from Fig. 3.16(c) that increasing H2 reduces E
*. Furthermore, Fig. 3.16(c) 
shows that E* increases with the increase of t. It is observed from Fig. 3.16(d) that r 
decreases with the increase of H2 but enlarges as t increases.  
   
                                            (a)                                                        (b) 
    
                                            (c)                                                        (d) 
Fig. 3.16 Variations of the properties of metamaterial # 4 with H2 for five different values 
of t: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( /Al), (c) 
the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative density r 
Figure 3.17 displays the variations of the effective PR, CTE, Young’s modulus, and 
the relative density with θ for three different material combinations.  
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From Fig. 3.17 (a), it is observed that a negative or near-zero PR can be obtained 
when θ is not large (less than 15° for all the three material combinations). It is seen from 
Fig. 3.17(b) that metamaterial # 4 with the Al-St and St-Invar combinations cannot attain 
a negative or near-zero CTE, while that with the Al-Invar combination can exhibit a 
negative CTE when 10° < θ < 25°. Fig. 3.17(c) shows that E* decreases with the increase 
of θ for each of the three material combinations, while Fig. 3.17(d) reveals that r does not 
change monotonically as θ increases.  
      
                                        (a)                                                           (b) 
     
                                         (c)                                                            (d) 
Fig. 3.17 Variations of the properties of metamaterial # 4 with θ for three material 
combinations: (a) the effective Poisson’s ratio , (b) the normalized effective CTE * ( 
/Al), (c) the normalized effective Young’s modulus E* ( E/EAl), and (d) the relative 
density r . The cross section of each strut is square with t = w = 2 mm. 
From the parametric studies of the four designed metamaterials presented above, it 
is found that all the lattice structures considered can exhibit a negative CTE, the extent of 
which varies with the geometrical parameters and material combinations. However, not all 
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of them can display a negative PR and/or a large Young’s modulus. Without taking the 
Young’s modulus into account, the four designed metamaterials with possible PR and CTE 
combinations are summarized in Table 3.3. 
Table 3.3 Summary of possible PR and CTE combinations for the four metamaterials 
designed 
Metamaterial # 1 Metamaterial # 2 Metamaterial # 3 Metamaterial # 4 
Near-zero PR and 
near-zero CTE; 
Negative PR and 
negative CTE; 
Negative PR and  
positive CTE. 
Positive PR and 
negative CTE; 
Positive PR and  
near-zero CTE; 
Positive PR and 
positive CTE. 
Near-zero PR and 
near-zero CTE; 
Positive PR and 
negative CTE; 
Near-zero PR and 
positive CTE; 
Positive PR and 
positive CTE. 
Positive PR and 
near-zero CTE; 
Positive PR and 
negative CTE; 
Near-zero PR and 
positive CTE; 
Positive PR and 
positive CTE. 
 
3.4 Comparison and recommendation  
In order to further delineate the differences in the properties of the four metamaterials 
designed, a bar chart is provided in Fig. 3.18 with the geometrical parameters H1 = 10 mm, 
H2 = 100 mm, t = 2 mm, w = 2 mm, and θ = 20°.  
It can be seen from Fig. 3.18 that under the given conditions, all of the four metallic 
metamaterials can exhibit a negative CTE, but only the first metamaterial can achieve a 
negative PR simultaneously. A positive PR can be attained for the other three 
metamaterials. For the effective Young’s modulus, it is observed that metamaterial # 3 
possesses the smallest value, while metamaterial # 4 has the largest one. The relative 
density of metamaterial # 1 is smaller than that of metamaterial # 2 or # 3, but the stiffness 
of metamaterial # 1 is larger than that of metamaterial # 2 or # 3. Therefore, in order to 
obtain the negative PR and CTE simultaneously with a good load-carrying capacity and a 
small relative density (so as to be lightweight), the metallic lattice structure of metamaterial 
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# 1 is recommended among the four designs. 
 
Fig. 3.18 Comparison among the four metamaterials designed 
3.5 Conclusions 
Four metallic metamaterials with tailorable mechanical properties are designed using 
bimaterial star-shaped re-entrant planar lattice structures. Three length parameters, one 
angle parameter and three material combinations are employed as design variables. The 
effects of the geometrical parameters and material combinations on the effective Poisson’s 
ratio, coefficient of thermal expansion, Poisson’s ratio, Young’s modulus, and the relative 
density of each metamaterial are studied in detail using unit cell-based finite element 
simulations that employ periodic boundary conditions.  
It is found that the metamaterials designed exhibit a unique combination of the 
mechanical properties that is not attainable from conventional materials. By appropriately 
selecting the geometrical parameters and material combination, metamaterials with desired 
properties can be designed. In particular, it is shown that metallic metamaterials with both 
a negative Poisson’s ratio and a non-positive CTE can be obtained from the lattice structure 




EFFECTIVE ELASTIC PROPERTIES OF INTERPENETRATING PHASE 
COMPOSITES WITH AN IRREGULAR STAR-SHAPED RE-ENTRANT PHASE 
Increasing attention has been paid to developing new auxetic composites. However, 
most existing studies were devoted to composites with voids or fiber/fabric-reinforced 
composites, in which the two phases are not continuous in the 3-D space. In this chapter, a 
3-D star-shaped re-entrant structure is embedded in a matrix, resulting in a co-continuous 
or interpenetrating phase composites (IPC) (e.g., Clarke, 1992; Feng et al., 2003; Poniznik 
et al., 2008; Jhaver and Tippur, 2009; Lee et al., 2012; Carolan et al., 2015). Effective 
Young’s modulus, shear modulus and Poisson’s ratio of the IPC are obtained from the 
effective compliance matrix of the composite through using a finite element (FE) based 
numerical homogenization method. 
The numerical results reveal that the IPC with a negative Poisson’s ratio can be 
obtained by embedding an irregular star-shaped 3-D re-entrant structure (with two re-
entrant angles) in a compliant matrix material and by increasing the two re-entrant angles 
simultaneously. It is found that the two re-entrant angles can greatly affect effective elastic 
properties of the IPC – The effective shear modulus is enhanced, while the effective 
Young’s modulus is compromised. Furthermore, it is observed that by changing one of the 
two re-entrant angles or one of the two strut lengths, the material symmetry exhibited by 
the IPC can be changed. 
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4.1 Newly designed metamaterials 
By embedding a 3-D periodic re-entrant lattice structure (as the reinforcement phase) 
in a matrix phase, a two-phase interpenetrating phase composite (IPC) can be obtained. 
The 2-D basic unit for the reinforcement phase is schematically shown in Fig. 4.1, which 
can be divided into four identical sectors (with one sector marked in yellow). Each sector 
can be characterized by five geometrical parameters, i.e., L1, L2, θ1, θ2 and D, where L1 and 
L2 represent the lengths of the two long struts in each sector, D stands for the diameter of 
the circular cross section of all struts, and θ1 and θ2 denote two re-entrant angles in each 
sector.  
By respectively positioning three 2-D unit cells on three perpendicular coordinates 
planes and making the center for each 2-D unit cell coincide, the 3-D reinforcement 
structure can be obtained, as shown in Fig. 4.2 (a). The matrix phase fills the rest of the 
space in the unit cell cube unoccupied by the reinforcing structure placed at the center of 
the cube as displayed in Fig. 4.2 (b). Combining the two phases generates an IPC, as 
illustrated in Fig. 4.2(c). Either phase is periodic in the 3-D space and can be described 
using a representative volume element (RVE) or a unit cell. It is seen from Fig. 4.2(c) that 
the unit cell has a face-centered-cubic (FCC) microstructure. Hence, microstructures with 
the cubic or tetragonal symmetry can be obtained by adjusting L1, L2, θ1 and θ2. Fig. 4.2 (d) 
displays the designed IPC containing 2×2×2 unit cells.  
To demonstrate the printability of the newly designed IPC, samples have been 
fabricated using a da Vinci 2.0 Duo 3-D printer (see Fig. 4.2(h)). Fig.4.2(g) shows a 3-D 
printed unit cell of an IPC sample from the CAD model displayed in Fig. 4.2(c). The white 
and red phases in the printed sample are respectively the reinforcing re-entrant structure 
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and matrix, both of which have also been 3-D printed (see Figs. 4.2(e) and 4.2(f)) from 
ABS filaments using the CAD models shown in Figs. 4.2(a) and 4.2(b). The processing 
parameters used include the following: a nozzle diameter of 0.4 mm, a filament diameter 
of 1.75 mm, and a printing resolution of 0.2 mm. IPC samples with more complex 
microstructures and made from metallic materials have recently been 3-D printed (Ding et 
al., 2018) using a robotized laser powder-feed metal additive manufacturing system (Ding 
and Kovacevic, 2016). 
 
Fig. 4.1 Schematic of the 2-D re-entrant lattice structure unit cell with five geometrical 
parameters.  
To simplify the FE simulation, the materials for both the reinforcing and matrix 
phases are taken to be homogeneous, isotropic and linearly elastic. Also, the properties of 
the reinforcing material are held fixed at the following: Young’s modulus (Er) of 1.8 GPa 
and Poisson’s ratio (vr) of 0.33, which are typical for Acrylonitrile Butadiene Styrene 
(ABS). However, the properties of the matrix material are allowed to vary, with the 
Poisson’s ratio (vm) varying from 0.05 to 0.45 in the current parametric study. This can 
represent some polyurethane foams that display a Poisson’s ratio having a large range of 
values (e.g., Bezazi and Scarpa, 2007), which are 3D printable (e.g., Barnett and Gosselin, 
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2015). Additionally, a modulus ratio p, defined as Er/Em is used to represent the variation 
of Young’s modulus of the matrix material with respect to that of the reinforcing material. 
The subscripts r and m denote the reinforcing and matrix phases, respectively.  
 
Fig. 4.2 New designed IPC: (a) CAD model of the re-entrant structure (reinforcing 
phase); (b) CAD model of the matrix phase; (c) CAD model of the IPC unit cell; (d) 
CAD model of the IPC (with 2×2×2 unit cells); (e) 3-D printed reinforcing phase; (f) 3-D 
printed matrix phase; (g) 3-D printed IPC unit cell; (h) da Vinci 2.0 Duo 3-D printer 
used . 
The effective properties of the designed IPC can be tailored through changing the 
geometrical parameters of the re-entrant structure (the reinforcing phase) and the material 
combination of the two phases. For easy reference, the geometrical model for each IPC is 
denoted by #L1-L2-θ1-θ2-D-p-νm, where L1, L2, θ1, θ2, D are the five geometrical parameters 
shown in Fig. 4.1 and p and νm are just defined above. 
4.2 Homogenization using periodic boundary conditions 
The 3-D printable IPC designed in Section 4.1 is periodic. Hence, periodic boundary 
conditions are enforced to ensure the displacement and rotation continuity across 
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boundaries of neighboring cells (e.g., Ai and Gao, 2017a, b). 
The periodic boundary conditions (PBCs) are given by (Xia et al., 2003)  
   ,  0, , 1,2,3k k k k k ki i ij j j i iu u x x i  j  
     
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components of k+ and k, and ij  is the applied strain.  






  , (4.2) 
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   (4.3) 
where σij and εij are, respectively, the stress and strain tensors, V is the volume of the domain 
Ω occupied by the composite, and the overhead bar denotes the volume average. According 
to the Voigt matrix notation, the symmetric stress and strain tensors can be represented as, 
using 6  1 matrices, 
   1 2 3 4 5 6, , , , , , , , , ,
T T
xx yy zz yz xz xy             , (4.4) 
   1 2 3 4 5 6, , ,2 ,2 ,2 , , , , ,
T T
xx yy zz yz xz xy             , (4.5) 
where the superscript T stands for the transpose. 
Based on the average strain theorem, under an applied uniform (constant) strain  , 
the average strain   in the unit cell is equal to the constant strain  . The average stress 
in the unit cell can be evaluated to determine the effective elastic stiffness tensor. For a 3-
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D unit cell, six independent uniform strain modes (with 1  = [1 0 0 0 0 0]
T, 2  = [0 1 0 0 0 
0]T, 3  = [0 0 1 0 0 0]
T, 4  = [0 0 0 1 0 0]
T, 5  = [0 0 0 0 1 0]
T and 6  = [0 0 0 0 0 1]
T) can 
be separately applied on the unit cell to obtain six average stress matrices, 1 , 2 , 3 , 4
, 5  and 6 . Then, the effective elastic stiffness tensor ijC (a 6  6 matrix) can be 
determined from ,i ij jC   (4.6) 
and the effective compliance tensor ijS can be computed from  
1
ij ij
S C , (4.7) 
where the superscript “‒1” stands for the inverse. 
For a material with the cubic symmetry, there are three independent elastic constants 
for the elastic stiffness tensor (i.e., C11, C12 and C44) and the effective stiffness and 
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where E, ν and G are, respectively, the effective Young’s modulus, Poisson’s ratio and 
shear modulus, which can be directly obtained from the stiffness constants as  
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The relative degree of anisotropy for such cubic materials can be measured using the Zener 











  (4.10) 
This gives the ratio of shear modulus of the anisotropic cubic material to that of an isotropic 
material. For isotropic materials, C44 = (C11 –C12)/2, and hence A = 1.  
For a material with the tetragonal symmetry, there are six independent elastic 
constants (i.e., C11, C12, C13, C33, C44 and C66), and the effective stiffness and compliance 
tensors are given by (e.g., Cowin and Mehrabadi, 1995; Ganczarski et al., 2015), with the 
(1, 2)-plane satisfying the cubic symmetry conditions (i.e., E1 = E2, G13 = G23, ν31 = ν32), 
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where the six effective engineering constants are related to the six independent constants 
of the effective compliance tensor through the following relations: 
3121
1 3 23 12 21 31
11 33 44 66 11 11
1 1 1 1
,  , , , ,G G
SS
E E
S S S S S S
         . (4.12) 
4.3 Finite element modeling 
The finite element (FE) simulations are carried out using COMSOL Multiphysics 4.4 
(COMSOL, 2013). The geometrical models are created by employing SolidWorks (2014) 
and then imported to the finite element models in COMSOL through Livelink™ for 
SolidWorks, which provides an integrated interface between simulations in COMSOL and 
3-D designs in SolidWorks and makes the parametric study convenient and time-saving.  
Convergence studies are performed before the parametric study, and fine mesh 
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embedded in COMSOL is adopted based on the considerations of convergence and time 
efficiency. The FE mesh has a maximum element size of 15.3 mm, a minimum element 
size of 1.91 mm, a maximum element growth rate of 1.45, a curvature factor of 0.5 and a 
resolution of narrow regions of 0.6. This automatic mesh setting leads to 207600 tetrahedral 
elements for the IPC #100-100-20°-20°-20-1000-0.33 as shown in Fig. 4.3. Note that here 
and in the sequel the parameters L1, L2 and D are in millimeter. It can be seen from Fig. 4.3 
that in the region near the interface between the matrix and reinforcing phases, the mesh is 
finer than the other regions. This non-uniform mesh distribution can ensure the simulation 
efficiency and simultaneously maintain the accuracy of computational results. 
 
Fig. 4.3 Finite element mesh for the IPC #100-100-20°-20°-20-1000-0.33 
The periodic boundary condition described in Section 4.2 are applied to the unit cell 
of the IPC to conduct FE simulations. Fig. 4.4 shows two sample deformation shapes and 
displacement distributions of the IPC #100-100-20°-20°-20-1000-0.33. Fig. 4.4(a) displays 
the FE simulation results for the IPC under a uniaxial extension given by the applied strain 
mode 1  = [0.01 0 0 0 0 0 0]. Fig. 4.4 (b) displays the simulation results for the pure shear 
deformation generated by the applied strain mode 5 = [0 0 0 0 0 0.01 0]. in which the non-
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flatten deformed surface arise from the inhomogeneity of the IPC. It is seen that the 
opposing faces of the unit cell in the deformed configuration can match very well with each 
other.  
 
Fig. 4.4 Deformed shapes of the IPC #100-100-20°-20°-20-1000-0.33: (a) under a 
uniaxial extension due to the applied strain mode 1  = [0.01 0 0 0 0 0 0]
T; (b) under a 
pure shear induced by the applied strain mode 5 = [0 0 0 0 0 0.01 0]
T. 
4.4 Parametric study 
To understand how the geometrical parameters and material combinations influence 
the effective properties of the IPC in Section 4.1, a parametric study has been conducted 
by using the unit cell-based FE model described in Section 4.2 and 4.3. The numerical 
results are presented and discussed in this section. 
4.4.1 Effect of the material combination 
The geometry of the re-entrant structure (the reinforcing phase) considered here is 
defined by L1 = 100 mm, L2 = 100 mm and D = 20 mm and θ1 = θ2 = 10° or θ1 = θ2 =35°, 
where the modulus ratio p and Poisson’s ratio of the matrix material υm are allowed to vary. 
According to the notation introduced near the end of Section 4.1, the IPCs studied here can 
be identified as two types #100-100-35°-35°-20-p-υm and #100-100-10°-10°-20-p-υm. With 
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L1 = L2 and θ1 = θ2, These IPCs exhibit cubic symmetry, and as a result, Eq. (4.9) is used 
to calculate the effective properties displayed in Figs. 4.5 and 4.6 below. 
Figure 4.5 shows how the effective Poisson’s ratio υ of each IPC changes with the 
modulus ratio p for υm = 0.33. It is clearly seen that with the increase of p from 10 to 10,000, 
ν gradually decreases from positive values to near zero (0.03 for the IPC # 100-100-10°-
10°-20-p-0.33) or to negative values (− 0.05 for the IPC # 100-100-35°-35°-20-p-0.33). 
Fig. 4.6 depicts the variation of the effective PR υ with υm for p = 1000. As νm increases 
from 0.05 to 0.45, ν changes from negative (− 0.031) to positive (0.06) for # 100-100-35°-
35°-20-1000-νm and becomes more positive (from 0.04 to 0.12) for the IPC # 100-100-10°-
10°-20-1000-νm. The observations from Figs. 4.5 and 4.6 indicate the possibility of 
controlling the values of the effective Poisson’s ratio through changing constituent 
properties without modifying the microstructural architecture. That is, the modulus ratio p 
(or equivalently Em = Er/p for a fixed value of Er) and Poisson’ ratio of the matrix material 
νm can significantly affect the effective Poisson’s ratio of each IPC. In addition, it is seen 
from Figs. 4.5 and 4.6 that the effective Poisson’s ratio ν for the IPC with θ1 = θ2 = 10° is 
always larger than that for the IPC with θ1 = θ2 = 35° for all the values of p and νm 
considered. This shows that the effective Poisson’s ratio can also be largely influenced by 
the two re-entrant angles θ1 and θ2. Hence, combining large re-entrant angles with a high 
modulus ratio and/or a low positive Poisson’s ratio of the matrix material can lead to IPCs 
with a negative effective Poisson’s ratio. The studies on auxetic composites by Theocaris 
et al. (1997) and Hou et al. (2014b) reached similar conclusions stating that the effective 
Poisson’s ratio of a composite depends not only on the ratio of the moduli of the two 
constituents but also on the shape of the inclusion.  
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Note that only the effective Poisson’s ratio is plotted in this sub-section in search of 
a material combination that can achieve a negative Poisson’s ratio for each IPC considered.  
 
Fig. 4.5 Variation of the effective Poisson’s ratio ν with the modulus ratio p for the two 
IPCs with different re-entrant angles (with the horizontal axis axis in a logarithmic scale) 
 
Fig. 4.6 Variation of the effective Poisson’s ratio ν with Poisson’s ratio of the matrix 
material υm for the two IPCs with different re-entrant angles 
4.4.2 Effect of the strut diameter 
Through changing the diameter D of the strut cross section while holding the other 
geometrical parameters fixed, the volume fraction of the reinforcing phase vf can be tailored. 
To study the effect of the strut diameter D on the effective elastic properties, two types of 
IPCs, each with an adjustable cross section diameter D are considered: one is the IPC #100-
100-30°-30°-D-1000-0.33, and the other is the IPC #100-100-20°-20°-D-1000-0.33. With 
L1 = L2 and θ1 = θ2, these two types of IPCs also possess the cubic symmetry, and hence 
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Eq. (4.9) can be used to compute the effective properties.  
To validate the FE simulation results, they are compared with the predictions by the 
Voigt-Reuss, Hashin-Shtrikman and Tuchinskii bounds in micromechanics.  
The Voigt–Reuss bounds (e.g., Qu and Cherkaoui, 2007; Li and Wang, 2008) take 
only the volume fractions of the constituents into account. The Voigt upper bound is based 
on the assumption that the strain throughout the composite is uniform, while the Reuss 
lower bound is based on the assumption that each phase of the composite is subjected to a 
uniform stress equal to the average stress. For any composite, the values of its overall 
elastic properties fall between the Voigt and Reuss bounds, regardless of the 
microstructure. The effective Young’s modulus of a two phase composite Ec predicted by 

















where the superscripts “u” and “l” denote the upper and lower bounds, fm and fr are the 
volume fractions of the matrix and reinforcement phases, and Em and Er are, respectively, 
Young’s moduli of the matrix and reinforcement phases. The upper and lower bounds for 
the effective shear modulus can be obtained by changing E to G (e.g., Dai et al., 1999). 
The Hashin and Shtrikman bounds were derived by Hashin and Shtrikman (1963) using 
variational principles in linear elasticity. These bounds apply to composites with arbitrary 
microstructures (including IPCs), which may be regarded as homogeneous and isotropic. 
The upper and lower bounds for the bulk modulus Kc and for the shear modulus Gc are 

































































where Km and Gm denote, respectively, the bulk modulus and shear modulus of the matrix 
material, and Kr and Gr represents, respectively, the bulk modulus and shear modulus of 
the reinforcement material. The relationships between elastic constants can then be used to 
obtain Young’s modulus and Poisson’s ratio as Ec = 9KcGc/(3Kc+Gc), vc = 
(3Kc2Gc)/(6Kc+2Gc). 
The Tuchinskii bounds (Tuchinskii, 1983) were derived by simply assuming that the 
distributions of all phases are either parallel or perpendicular to the loading direction and 
by using the iso-strain and iso-stress assumptions. The upper and lower bounds for the 
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where c = h/H is the ratio of the two characteristic lengths on a square cross section of a 
cubic unit cell (see Fig. 4.7). The upper and lower bounds for the shear modulus can be 
obtained by changing E to G (e.g., Feng et al., 2003). 
 
Fig. 4.7 Schematic of the cubic unit cell used in the Tuchinskii model for IPCs. 
Figure 4.8 shows how the effective Young’s modulus E, shear modulus G and 
Poisson’s ratio ν vary with the volume fraction (or the strut diameter). From Figs. 4.8(a) 
and 4.8(b), it is clearly seen that the effective Young’s modulus E and shear modulus G of 
each IPC increase with the increase of the volume fraction vf, which obeys the rule of 
mixtures (e.g., Dvorak, 2013). 
From Figs. 4.8(a) and 4.8(b), it is clearly seen that all the FE simulation results of E 
and ν for both IPC # 100-100-30°-30°-D-1000-0.33 and IPC # 100-100-20°-20°-D-1000-
0.33 fall within the Voigt (upper) and Reuss (lower) bounds. Also, it is observed that the 
current simulation results are located within the Hashin-Shtrikman (H-R) bounds, which 
are narrower and tighter. The Tuchinskii bounds are obtained by assuming that all phases 
are with square cross sections and the distributions of all phases are either parallel or 
perpendicular to the loading direction. In the current unit cell models for the two types of 






parallel or perpendicular to the loading direction. Hence, the Tuchinskii bounds can only 
approximately predict the effective elastic moduli of the IPCs under consideration. This is 
reflected in Figs. 4.8(a) and 4.8(b). 
  
                                       (a)                                                             (b) 
 
(c) 
Fig. 4.8 Effects of the volume fraction on the effective properties of the two IPCs #1 
(100-100-20°-20°-D-1000-0.33) and #2 (100-100-30°-30°-D-1000-0.33): (a) the effective 
Young’s modulus E; (b) the effective shear modulus G; (c) the effective Poisson’s ratio v.  
However, the effective Poisson’s ratio ν does not exhibit monotonic variation as vf 
increases. Fig. 4.8(c) clearly shows that for each IPC there exists a critical value for the 
volume fraction vf, below which ν decreases and above which ν increases with vf. Also, 
Fig. 4.8(c) reveals that the IPC # 100-100-30°-30°-D-1000-0.33 exhibits a negative 
Poisson’s ratio for a large range of the volume fraction vf. In addition, it is seen from Fig. 
4.8(c) that the IPC with θ1 = θ2 = 20° has a larger value of the effective Poisson’s ratio ν 
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than the IPC with θ1 = θ2 = 30° for each given value of vf. This agrees with what is observed 
earlier from Figs. 4.5 and 4.6. 
From Figs. 4.8(a) and 4.8(b), it is also clear that the effective Young’s modulus E for 
the IPC with the re-entrant angles θ1 = θ2 = 20° has higher values than that for the IPC with 
θ1 = θ2 = 30°, while the effective shear modulus G displays the opposite trend. These results 
indicate that a lower effective Poisson’s ratio is accompanied by an enhanced effective 
shear modulus but a compromised effective Young’s modulus, which agrees with 
observations by others (e.g., Assidi and Ganghoffer, 2012; Harkati et al., 2017). 
4.4.3 Effect of the strut lengths  
Through changing the strut length L2 while holding the other geometrical and 
material parameters fixed at L1 = 100 mm, θ1 = θ2 = 20°, D = 20 mm, p = 1000, and vm = 
0.33, the resulting IPC (i.e., the IPC # 100-L2-20°-20°-20-1000-0.33) with L2 ≠ L1 will 
display the tetragonal symmetry (rather than the cubic symmetry exhibited by the IPC with 
L2 = L1). Hence, Eq. (4.12) is used to compute the effective elastic properties for the IPCs 
considered in this sub-section. Fig. 4.9 shows a unit cell of one IPC with the tetragonal 
symmetry, in which the length in the z-direction is different from those in the x- and y- 
directions. For an IPC with the cubic symmetry, the lengths of the unit cell in all the three 
directions need to be the same. In the sequel, the effective properties will be plotted against 
a non-dimensional parameter α defined as L2/L1 (i.e., the strut length ratio), with L1 set to 




Fig. 4.9 Unit cell for an IPC with the tetragonal symmetry  
             
                                       (a)                                                              (b) 
 
(c) 
Fig. 4.10 Effective elastic properties of the IPC # 100-L2-20°-20°-20-1000-0.33 varying 
with the strut length ratio α ( = L2/L1): (a) the Young’s moduli; (b) the shear moduli; (c) 
the Poisson’s ratios.  
Figure 4.10 shows how the effective properties of the IPC # 100-L2-20°-20°-20-
1000-0.33 vary with the strut length ratio α. From Fig. 4.10(a), it is observed that the 
effective Young’s modulus in the z direction Ezz is less sensitive than that in the x direction 
Exx, with Ezz changing slightly from 55.89 MPa to 51.95 MPa while Exx changing from 100 
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MPa to 34.52 MPa when α goes from 0.5 to 1.5. For the effective shear moduli, Fig. 4.10(b) 
shows that Gyz and Gxy stay close (with a slight difference) with the increase of α except 
that Gxy becomes slightly higher than Gyz when α gets larger than one (i.e., when L2 > L1). 
Fig. 4.10(c) reveals that the two effective Poisson’s ratios νyx and νzx have different 
sensitivity to the length ratio α. When α is smaller than 1, νyx has much slower variation 
than νzx; however, when α is larger than 1, νyx changes a lot faster than νzx as α increases. 
4.4.4 Effect of the re-entrant angles 
To investigate the effect of the two re-entrant angles θ1 and θ2 on the effective properties, 
two IPCs are considered here: One is the IPC # 100-100-θ1-10°-20-1000-0.33 in which 
only θ1 is changing, and the other is the IPC # 100-100-10°-θ2-20-1000-0.33 in which only 
θ2 is changing. With θ1 ≠ θ2, the IPC considered here possesses the tetragonal symmetry 
rather than the cubic symmetry exhibited by the IPC with L1 = L2 and θ1 ≠ θ2, and its six 
independent elastic constants are calculated using Eq. (4.12), with the numerical values 
shown in Figs. 4.11-4.13. 
Figure 4.11(a) shows that the two effective Young’s moduli change differently with the 
increase of θ1: Exx stays almost the same, while Ezz increases. Fig. 4.11(b) displays that the 
two effective Young’s moduli also change differently with the increase of θ2: Exx increases, 
while Ezz decreases. These results show that the Young’s modulus in the z-direction is 
greatly affected by the re-entrant angles θ1 and θ2, with a positive enhancement from 
increasing θ1 and a negative compromise from increasing θ2. On the contrary, the Young’s 
modulus in the x-direction is not significantly influenced by changing θ1 and θ2. Therefore, 
in order to obtain higher Young’s moduli in all directions, the IPC’s microstructure should 
possess a high re-entrant angle θ1 and a low re-entrant angle θ2.  
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Figure 4.12 reveals that the effective shear moduli Gxy and Gyz both increase with the 
increase of θ1 or θ2 but the influence on Gxy and Gyz by increasing θ1 is different from that 
by increasing θ2. For the former, Gyz increases more than Gxy, while for the latter, Gxy 
increases more than Gyz. Therefore, it can be concluded that both the shear moduli can be 
enhanced by increasing θ1 and θ2, which is significantly different from how the Young’s 
moduli vary, as discussed above based on the observations from Fig. 4.11. 
Figure 4.13 shows that the two effective Poisson’s ratios νyx and νzx decrease from 
positive values to negative values or approaching near-zero values when the re-entrant 
angles θ1 or θ2 changes. In addition, it is seen that the maximum negative Poisson’s ratio 
(in magnitude) can be achieved through changing θ1 or θ2 is −0.001 (νyx) and −0.055 (νzx), 
respectively. It is worth noticing that the re-entrant angle θ2 has a greater influence on the 
effective Poisson’s ratio of the IPC that can bring about a larger negative Poisson’s ratio 
for the IPC than the re-entrant angle θ1. Based on all the observations from Figs. 4.11-4.13, 
it is clear that the two re-entrant angles θ1 and θ2 have different influences on the effective 
elastic properties.  
    
                                         (a)                                                           (b) 
Fig. 4.11 Effects of the re-entrant angles θ1 and θ2 on the effective Young’s moduli  
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                                          (a)                                                         (b) 
Fig. 4.12 Effects of the re-entrant angles θ1 and θ2 on the effective shear moduli  
     
                                        (a)                                                        (b) 
Fig.4.13 Effects of the re-entrant angles θ1 and θ2 on the effective Poisson’s ratios 
4.5 Conclusions  
Interpenetrating phase composites (IPCs) are designed by using a 3-D periodic re-
entrant lattice structure as the reinforcing phase that is embedded in a matrix phase. The 
design parameters include five geometrical variables characterizing the lattice structure and 
elastic properties of the two constituent phases. These IPCs are 3-D printable, and some 
samples have been fabricated using a 3-D printer. A unit cell based micromechanics 
approach is employed to compute effective elastic properties of the IPCs designed. 
Effective Young’s moduli, shear moduli and Poisson’s ratios of each IPC are obtained from 
the effective stiffness and compliance matrices of the composite, which are determined 
through a homogenization analysis using a unit cell-based finite element model 
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incorporating periodic boundary conditions. The simulation results are also compared with 
those given by analytical bounds in micromechanics, including the Voigt-Reuss, Hashin-
Shtrikman, and Tuchinskii bounds. These effective properties can be tailored over a wide 
range through changing geometrical parameters and constituent properties. It is found that 
the use of a compliant matrix material and large re-entrant angles can lead to IPCs with a 
negative Poisson’s ratio. In addition, the numerical results show that the re-entrant angles 
can greatly affect the effective elastic properties of each IPC. Moreover, it is seen that the 
material symmetry of the IPCs designed can be changed from cubic to tetragonal by 





THREE-DIMENSIONAL METAMATERIALS WITH NEGATIVE POISSON’S 
RATIO AND NON-POSITIVE THERMAL EXPANSION 
For auxetic materials with negative Poisson’s ratios, both 2-D and 3-D architectures 
have been developed (e.g., Rad et al., 2014; Huang and Chen, 2016; Fu et al., 2016; Saxena 
et al., 2016; Lakes, 2017; Wang at al., 2017a). However, for metamaterials displaying non-
positive CTEs, most micro-architectures proposed are two-dimensional (e.g., Lakes, 1996, 
2007; Grima et al., 2007a,b; Miller et al., 2008; Wei et al., 2016; Hopkins et al., 2013, 
2016). Only a few 3-D microstructures have been developed for such metamaterials. Wu 
et al. (2016) designed 3-D anti-chiral structures using bi-material strips made from 
polymeric materials to achieve a negative CTE. However, the stiffness issue was not 
addressed in their study. Wang et al. (2016a) extended the original 2-D design of Hopkins 
et al. (2013) to 3-D microstructures. A large negative CTE was obtained in their study, but 
variations in the stiffness were not considered. Xu and Pasini (2016) introduced octet 
lattices and compared iso-octet and aniso-octet lattice structures with the structures 
designed by Wang et al. (2016a) and Miller et al. (2008). Although aniso-octet structures 
can achieve a negative CTE with a superior structure efficiency in a prescribed direction, 
such structures do not display isotropic thermal expansion. More recently, Qu et al. (2017) 
developed a 3-D lattice composed of two different constituent materials and showed that a 
negative effective CTE can be 
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achieved. But the stiffness of the proposed lattice structure was not considered in their work.  
Recently, a systematic study of 2-D lattice-based metamaterials with negative PRs 
and non-positive CTEs was conducted by Ai and Gao (2017a) as described in Chapter 3. 
However, such studies are still lacking for 3-D metamaterials displaying negative PRs and 
CTEs simultaneously.  
In the current work, four types of 3-D bi-material lattice metamaterials with both 
negative PRs and non-positive CTEs are designed by extending the 2-D re-entrant lattice 
structures proposed in Ai and Gao (2017a) and modifying one micro-architecture provided 
in Wang et al. (2016a). It is shown that each of the four types of metamaterials designed 
herein exhibits the cubic symmetry and thus needs three independent elastic constants to 
characterize its elastic behavior and one coefficient of thermal expansion to describe its 
isotropic thermal expansion. The effective thermos-mechanical properties are evaluated, 
and structure-property relations are explored for each of the four types of metamaterials 
with aluminum-Invar and stainless steel-Invar material combinations. 
5.1 Newly designed 3-D metamaterials 
One mechanism of obtaining a negative effective CTE for a lattice structure is to 
employ two families of struts with different CTEs (e.g., Grima et al., 2007b), in which the 
mismatch of thermal expansion of the two materials can lead to contraction of the structure 
for a temperature increase or expansion of the structure for a temperature decrease. On the 
other hand, re-entrant structures can result in auxetic properties (e.g., Lakes, 1987; 
Theocaris et al., 1997; Fu et al., 2016; Saxena et al., 2016). Hence, re-entrant structures 
and bi-material struts can be combined to generate metamaterials with both negative PRs 
and negative CTEs. 2-D metamaterials with negative PRs and CTEs have recently been 
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designed by Ai and Gao (2017a) using this combined approach. Four types of 3-D 
metamaterials are proposed herein by extending the micro-architectures for 2-D 
metamaterials provided in Ai and Gao (2017a), which are shown in Fig. 5.1. 
As described in Ai and Gao (2017a), among the four types of 2-D metamaterials, the 
first one can possess a negative PR and a negative CTE at the same time without 
significantly comprising its load-carrying capability. Hence, the unit cell for 2-D 
metamaterial # 1 proposed in Ai and Gao (2017a) is chosen herein as the basic construction 
unit in order to extend the 2-D design of metamaterials with negative PRs and CTEs to 3-
D configurations.  
Three types of 3-D metamaterials are designed by extending the unit cell for 2-D 
metamaterial # 1 using different spatial tessellations, as displayed in Figs. 5.1(a)-(c). In 
each case, the red and blue struts represent the materials with the higher and lower CTEs, 
respectively. All struts have a square cross section with an edge length t. Through 
respectively positioning three 2-D unit cells on three perpendicular coordinate planes and 
making the center for each 2-D unit cell coincide, 3-D metamaterial # 1 (unit cell) can be 
obtained, as shown in Fig. 5.1(a). Metamaterial # 2, depicted in Fig. 5.1(b) in its unit cell, 
is generated through packing six 2-D unit cells, in which each 2-D unit cell is placed on 
one of the six surface planes of a 3-D cubic unit cell. The proposed metamaterial # 3, 
displayed in Fig. 5.1(c), is produced by modifying the micro-architecture of 3-D 
metamaterial # 1 through connecting each corner point of the cubic unit cell to the three 
nearest joints of the three re-entrant units.   
On the other hand, metamaterial # 4, illustrated in Fig. 5.1(d), is modified from the 
micro-architecture designed in Wang et al. (2016a) by letting the outmost four struts near 
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each of the six cubic cell surfaces protrude inward. These outmost struts can be 
characterized using one additional angle parameter θ0, as displayed in Fig. 5.1. Note that θ 
describes the positions of the re-entrant struts (red) with the higher CTE, while θ0 defines 
the positions of the re-entrant struts (blue) with the lower CTE, which are in addition to 
those located near the center of the cubic unit cell. When θ0 is set to zero, the micro-
architecture of metamaterial # 4 proposed here in Fig. 5.1(d) will be reduced to the original 
one presented in Wang et al. (2016a). Note that the geometrical constraint θ0 < θ is imposed 
in the current work for simplicity. These four proposed unit cells shown in Figs. 5.1(a)-(d) 
can be tessellated in the x-, y- and z-directions to obtain periodic lattice-based 
metamaterials, as displayed in Figs. 5.1(e)-(h), each containing 222 unit cells. 
  
Fig. 5.1 Four types of 3-D metamaterials (e)-(h) and their unit cells (a)-(d) 
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From the unit cells illustrated in Figs. 5.1(a)-(c), it is observed that the first three 3-
D metamaterials can be described using three geometrical parameters: two lengths H1 and 
H2 and one angle θ. For metamaterial # 4 shown in Fig. 5.1(d), it has one additional angle 
parameter θ0.  
Three materials chosen for the struts are the same as those used in Table 3.1 for the 
2-D metamaterials, some of which have been fabricated using a robotized laser powder-
feed metal additive manufacturing system (Ding and Kovacevic, 2016; Ding et al., 2017). 
Based on these three materials (i.e., aluminum (Al) 7075, stainless steel (St) 431 and Invar), 
two material combinations, Al-Invar and St-Invar, are adopted in the present simulations. 
The properties of the three materials are summarized in Table 3.1. 
Table 5.1 Relative density for the four types of 3-D metamaterials 
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Here, t is the edge length of the strut square cross section, and H is the density of the 
strut material with the higher CTE. 
 
The formula for the relative density ρr, defined as ρr = ρ/ρL, for each of the four types 
of the metamaterials is listed in Table 5.1, where ρL is the density of the strut material with 
the lower CTE (Invar for both the material combinations), and ρ is defined as ρ = m/Vc, 
with m being the mass of the unit cell and Vc being the volume of the cube bounding the 
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unit cell. These formulas are obtained directly from the unit cells shown in Fig. 5.1. Note 
that the strut overlapping near joints is not considered in deriving the formulas for ρr given 
in Table 5.1.  
5.2 Finite element modeling 
5.2.1 Periodic boundary conditions  
The four types of metamaterials proposed in Section 5.1 are periodic lattice structures. 
Hence, they can be simulated using the unit cells shown in Figs. 5.1(a)-(d) subject to 
periodic boundary conditions (PBCs), which ensure the displacement and rotation 
continuity across boundaries of neighboring cells. 
To illustrate how the PBCs are enforced in the present 3-D unit cell models, 
metamaterial # 1 is analyzed as an example here. Fig. 5.2 shows the unit cell of 3-D 
metamaterial # 1 with identified boundary nodes. Due to the periodic nature, each node on 
one side (e.g., A+) has a matched node on the opposite side (e.g., A) of the unit cell. Note 
that for simplicity, only two pairs of the matched boundary nodes in each direction are 
illustrated.  
 
Fig.5.2 Illustration of 3-D periodic boundary conditions for metamaterial # 1 using beam 




The periodic boundary conditions for a specimen subjected to a prescribed strain ij
are given by (e.g., Xia et al., 2006; Li et al., 2005b, 2006) 
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are, respectively, the coordinates of the matched nodes k+ and k on the 
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components of k+ and k. 
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the periodic boundary conditions at the six identified pairs of the matched nodes can be 
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where A+, A and D+, D are two pairs of the matched nodes in the x-direction, B+, B and 
E+, E in the y-direction, and C+, C and F+, F in the z-direction. For the uniaxial loading 
in the x- and z-directions, the PBCs can be similarly generated using Eq. (5.1). 
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the periodic boundary conditions at the six identified pairs of the matched nodes can be 
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  (5.5c) 
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For the pure shearing in the x-, y-directions and x-, z-direction, a similar procedure can be 
followed to establish the periodic boundary conditions from Eq. (5.1). 
All the FE simulations in this study are performed by using ANSYS Mechanical 
APDL 18.0 (ANSYS, 2017), in which the PBCs discussed above are implemented through 
constraint equations.  
5.2.2 Finite element mesh 
For the finite element simulations of the designed 3-D lattice metamaterials, two 
types of elements, i.e. solid element and beam element, can be chosen. Beam elements have 
advantages over solid elements in computational efficiency. In order to compare these two 
types of elements, BEAM 189 and SOLID 187 elements available in ANSYS are selected. 
Based on the Timoshenko beam theory (e.g., Ma et al., 2008; Gao, 2015), the BEAM 189 
element is a quadratic three-node beam element suitable for analyzing slender to 
moderately thick beam structures. The SOLID 187 element is a 3-D tetrahedral solid 
element containing 10 nodes, with each node having three translational degrees of freedom. 
This solid element has a quadratic displacement profile and can be used for irregular 
meshes.  
For illustration purposes, only simulations of metamaterial # 1 with the Al-Invar 
material combination are discussed in this section. 
The finite element mesh of the unit cell for metamaterial # 1 is shown in Fig. 5.3(a), 
which is generated employing the BEAM 189 elements (totaling 360 for the unit cell with 
H1 = 2 mm, H2 = 6 mm,  = 30,  and t = w = 1.2 mm displayed here). Fig. 5.3(b) displays 
the finite element mesh of the same unit cell that is constructed by utilizing the SOLID 187 
elements (totaling 12077 for the unit cell with the same geometry). 
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For each BEAM 189 element, an axial length of 0.7 mm is chosen as the element 
size based on a convergence study. The beam element has the cross-sectional dimensions 
that are defined by t (= w), the edge length of the square cross section. For the SOLID 187 
element, a similar convergence study leads to the choice of an element size of 0.7 mm  
(from the range of 0.3 mm to 1.0 mm). Fig. 5.3(b) shows the mesh for the same unit cell 
using the 10-node tetrahedral SOLID 187 elements. 
                        
               (a) BEAM 189 elements                                     (b) SOLID 187 elements 
 
Fig.5.3 Finite element mesh of the unit cell for 3-D metamaterial # 1 (with H1 = 2 mm, 
H2 = 6 mm,  = 30, and t = w = 1.2 mm) 
5.2.3 Cubic symmetry 
For each of the four types of metamaterials designed in Section 5.1, there are three 
symmetry planes in the identified unit cell, which are the three perpendicular middle planes 
passing through the center of the unit cell. Hence, each of the designed metamaterials can 
be homogenized as an orthotropic solid with nine independent elastic constants (e.g., Ting, 
1996; Gao, 2001; Zhang et al., 2017). To determine these nine constants, a strain energy-
based homogenization method (e.g., Hill, 1963; Ma and Gao, 2014; Gao, 2016) can be used 
by considering the energy equivalence between the metamaterial unit cell and the 
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corresponding homogenized solid prescribed with each of the following nine strain modes 
defined by constant strain tensors 
( )
0
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 (5.6) 
where the first three strain modes represent uniaxial stretching in each of the three 
coordinate directions (with the lateral displacements constrained), the second three 
describe, respectively, biaxial stretching in the xy, yz and zx planes (with the out-of-plane 
displacement constrained), and the last three denote pure shearing perpendicular to the z-, 
x-, y-directions, respectively.  
The nine independent elastic constants 
*
ijC of the homogenized orthotropic solid can 





































CU  is the strain energy in the metamaterial unit cell corresponding to the ith strain 




for each type of the four metamaterials designed. The strain energy 
( )i
CU  can be obtained 
from finite element simulations of each metamaterial unit cell subjected to kinematic 
periodic boundary conditions (see Eq. (5.1), Eqs. (5.3a)-(5.3c) or Eqs. (5.5a)-(5.5c)) 
corresponding to the ith strain mode. 
Table 5.2 shows the stiffness matrix 
*
ijC for each of the four metamaterials with H1 = 
2 mm, H2 = 6 mm, t = 0.4 mm, θ = 30° (for metamaterials # 1 – # 4), θ0 = 0° (for 
metamaterial # 4), and the Al-Invar material combination. The nine stiffness constants in 
each matrix are computed using Eq. (5.7). The strain energy 
( )i
CU  in each case is obtained 
from the simulation output of the finite element simulation of each metamaterial unit cell 
using the BEAM 189 element (see Fig. 5.3(a)).  
Table 5.2 Stiffness matrix for each metamaterial 
Metamaterial # 1 Metamaterial # 2 
175.022 36.679 36.679 0 0 0
36.679 175.022 36.679 0 0 0
36.679 36.679 175.022 0 0 0
0 0 0 0.4112 0 0
0 0 0 0 0.4112 0











300.089 18.754 18.539 0 0 0
18.754 300.244 18.542 0 0 0
18.539 18.542 301.050 0 0 0
0 0 0 0.417 0 0
0 0 0 0 0.417 0











Metamaterial # 3 Metamaterial # 4 
255.137 1.299 1.299 0 0 0
1.299 255.137 1.299 0 0 0
1.299 1.299 255.137 0 0 0
0 0 0 9.797 0 0
0 0 0 0 9.728 0











17.114 1.368 1.368 0 0 0
1.368 17.114 1.368 0 0 0
1.368 1.368 17.114 0 0 0
0 0 0 0.958 0 0
0 0 0 0 0.954 0












As clearly seen from the numerical values listed in Table 5.2, the nine elastic 

















13C  = 
*
23C ), thereby revealing that each of the 
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four types of designed metamaterials possesses the cubic symmetry (e.g., Ting, 1996; 
Norris, 2006; Ai and Gao, 2016). As a result, only three elastic properties – Young’s 
modulus E, Poisson’s ratio ν and shear modulus G – need to be computed, which can be 
directly obtained from the stiffness constants of the homogenized solid as (e.g., Bower, 
2009):  
* 2 * * * 2 *
*11 11 12 12 12
44* * * *
11 12 11 12
( ) 2( )
, , .
C C C C C
E G C






To determine these three independent elastic constants using the strain energy-based 
homogenization method, three different strain modes will need to be considered. However, 
by using the average stress and strain theorems, only two sets of boundary conditions are 
required to compute E, ν and G for the homogenized solid with the cubic symmetry: one 
set being a uniaxial extension for E and ν, and the other being a pure shearing for G. 
Table 5.3 shows a comparison of the three elastic constants predicted by the strain 
energy-based homogenization method and by the average stress and strain theorems. It is 
seen that the two methods yield almost the same results. Hence, the simpler method based 
on the average stress and strain theorems and utilizing two sets of BCs is adopted in the 
rest of the current study. 
The coefficients of thermal expansion are components of a second-order tensor αij 












Table 5.3 Comparison of the elastic constants computed using the strain energy-based 
homogenization method and the average stress and strain theorems 
 Strain Energy Based 
Homogenization 
Average Stress and Strain 
Theorems 
 E (MPa) ν G (MPa) E (MPa) ν G (MPa) 
Metamaterial # 1 155.573 ‒ 0.265 0.411 155.573 ‒  0.265 0.415 
Metamaterial # 2 298.00 ‒ 0.066 0.417 297.780 ‒ 0.0665 0.417 
Metamaterial # 3 255.137    0.005 9.767 255.124    0.005 9.755 
Metamaterial # 4 16.876 ‒ 0.0869 0.956 16.876 ‒ 0.0869 0.951 
 
where T is the temperature change, and 
T
ij is the thermal strain. For a material with the 
cubic symmetry, αij is isotropic with xx yy zz      and all other αij = 0 (e.g., Barron, 
1998; Bower, 2009). For the determination of the effective coefficient of thermal expansion 
, the implementation of PBCs in a finite element simulation is similar to that used for 
uniaxial loading in the y-direction with a prescribed strain mode discussed in Section 5.3.1 
(see Eqs. (5.3a)-(5.3c)).   
5.2.4 Simulation results 
In the finite element simulations, the effective Poisson’s ratio (PR), the coefficient 
of thermal expansion (CTE), Young’s modulus and shear modulus are determined.  
To obtain the effective PR and Young’s modulus, a displacement of the amount 
2εa(H1 + H2) is applied in the positive y-direction at the reference node E+ on the right face 
of the unit cell satisfying the periodic boundary conditions (see Fig. 5.2), while the 
displacement in the y-direction at the matched reference node E is constrained to be zero. 
To prevent any rigid body motion, the displacements in the x- and z-directions at node E 
are set to zero additionally. 
To calculate the effective shear modulus, a displacement of the amount γb(H1+H2) is 
applied at the reference node E+ in the positive z-direction (see Fig. 5.2), whereas the 
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displacement in the z-direction at the matched reference node E is constrained to be zero. 
Furthermore, a displacement of the amount γb(H1+H2) is applied at the reference node F+ 
in the positive y-direction (see Fig. 5.2), while the displacement of the matched reference 
node F is constrained to be zero. Also, the displacements in the x- and y-directions at node 
E are set to zero additionally to prevent any rigid body motion. 
To determine the effective CTE, a uniform temperature change from 20 °C to 180 °C 
for the unit cell satisfying the periodic boundary conditions is considered. The effective 
CTE can be calculated from the length change between the matched nodes on two sides of 
the unit cell. 
The effective PR , Young’s modulus E, shear modulus G, and CTE  can be 




























  (5.13) 
where a is the applied strain in the y-direction, εx is the induced transverse strain in the x-















  (5.14) 
FRy is the resultant normal force in the y-direction that can be determined from the 
summation of the nodal normal forces at all nodes on the right bounding surface of the unit 
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cell (see Fig. 5.2), Fzy is the resultant shearing force in the y-direction that can be 
determined from the summation of the nodal shearing forces at all nodes on the top 
bounding surface of the unit cell (see Fig. 5.2), Aeff [= 4(H1+H2)
2] is the effective area (e.g., 
Li et al., 2003, 2005a), γb is the applied shear strain in the yz plane, T is the temperature 
change, and 
T
y is the thermal strain in the y-direction that can be computed from the nodal 
displacements at the nodes B+ and B (see Fig. 5.2) due to the temperature change (i.e., 
( ) and ( )B T B Tx xu u
 
) according to 
1 2
( ) ( )
.
2( )











To investigate the influence of the element type on the effective properties, 
simulations are conducted using meshes constructed from the BEAM 189 and SOLID187 
elements, respectively. 
Figure 5.4 shows the simulation results for the effective properties of metamaterial # 
1 employing the BEAM 189 and SOLID187 elements for three different square cross 
section sizes: t = 0.4 mm, 0.8 mm, and 1.2 mm based on the unit cell shown in Fig. 5.1(a) 
with H1 = 2 mm, H2 = 6 mm and the Al-Invar material combination. The values of r 





                                         (a)                                                                           (b) 
       
                                        (c)                                                                           (d) 
 
                                                                       (e) 
Fig. 5.4 Effective properties of 3-D metamaterial # 1 (with H1 = 2 mm, H2 = 6 mm and 
the Al-Invar material combination) changing with θ based on the BEAM 189 and 
SOLID187 elements: (a) the effective CTE α, (b) the effective Poisson’s ratio ν, (c) the 
effective Young’s modulus E, (d) the effective shear modulus G, and (e) the relative 
density ρr 
It is seen from Fig. 5.4 that when t = 1.2 mm, there are large differences between the 
predicted results based on the BEAM 189 element and those based on the SOLID187 
element in both the values and trends, especially for the effective Poisson’s ratio ν, shear 
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modulus G and coefficient of thermal expansion α. For the simulations using the solid 
elements, ν and α both decrease initially, and then increase, with the increase of the re-
entrant angle θ. For the simulations using the beam elements, a monotonic decreasing trend 
is observed for both ν and α. For the effective shear modulus G, a different variation trend 
is seen for the case with t = 1.2 mm: sharply increasing for the model using the solid 
elements and slightly decreasing for the model employing the beam elements. When the 
edge length t is reduced from 1.2 mm to 0.8 mm, the difference is pronounced only when 
the re-entrant angle θ is large, even though there still exist discrepancies in both the 
variation trend and value for G. 
In addition, for the case with t = 0.4 mm, the same variation trend can be observed 
for the effective properties E, G, ν, α and the relative density ρr predicted by the two models 
based respectively on the beam and solid elements, with observable differences for ν and 
α and negligible differences for E, G and ρr. Furthermore, the effect of the finite element 
type on the effective properties is not large when the re-entrant angle θ is small. However, 
a large value of θ can lead to a significant difference. These differences are attributed to 
the fact that the overlapping of connecting struts near joints is included in the simulation. 
It is seen from Fig. 5.4(e) that the relative density of the model based on the beam elements 
is higher than that for the model based on the solid elements. The strut overlapping near 
joints is included in the simulations using the solid elements but is not considered in the 
simulations employing the beam elements. Moreover, it is observed from Figs. 5.4(a)-(c) 
that when the slenderness ratio, defined as H2/t, is not large enough (smaller than 7.5 as in 
the cases with t = 0.8 mm), the model based on the solid elements can give significantly 
larger values for  and ν. However, when the slenderness ratio is sufficiently large (great 
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than 7.5 here), the beam element-based model produces almost the same results as those 
given by the solid element-based model. Therefore, the BEAM 189 element is 
computationally more efficient to use for such cases. 
 
                              (a)                                       (b)                                     (c) 
 
                               (d)                                        (e)                                     (f) 
Fig. 5.5 Deformation of the unit cell for metamaterial # 1 with H1 = 2 mm, H2 = 6 mm, t = 
1.2 mm and the Al-Invar combination induced by (І) a uniaxial compression in the y-
direction: (a) 3-D deformation contour plot, (b) xy cross section contour plot, (c) yz cross 
section contour plot; and (Π) a temperature increase of 160 °C: (d) 3-D deformation 
contour plot, (e) xy cross section contour plot, (f) yz cross section contour plot. The color 
lines represent the deformed configurations, and the black lines denote the undeformed 
configurations. The legend bars indicate overall displacements. 
Figure 5.5 displays the deformations induced by a uniaxial compression in the y-
direction and a temperature increase of 160 °C, respectively. These simulations are based 
on the SOLID 187 element, with a total of 12077 SOLID 187 elements employed. Figs. 
5.5(a) and 5.5(d) display the 3-D contour plots of the deformation in each loading case, 
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which shows an observable contraction in the transverse directions. The contraction in the 
x- and z-directions of the unit cell under the uniaxial compression in the y-direction can be 
better seen from the cross-sectional views shown respectively in Figs. 5.5(b) and 5.5(c). 
This can be attributed to the folding and unfolding mechanisms exhibited by re-entrant 
structures under compressive and tensile loads, respectively. Also, it is observed from the 
cross-sectional views shown in Figs. 5.5(e) and 5.5(f) that the unit cell contracts when 
heated up by 160 °C. For better illustrations, the thermal deformations displayed are 
exaggerated by a factor of 30.  
5.3 Parametric study 
As indicated in Section 5.2, when the slenderness ratio is larger than 7.5, the variation 
trends of the effective properties of metamaterial # 1 predicted by the beam element- and 
solid element-based models are found to be about the same. Therefore, the BEAM 189 
element, which is computationally more efficient than the SOLID 187 element, is chosen 
in the parametric study presented herein.  
5.3.1 Metamaterial # 4 
As mentioned in Section 5.2, in designing 3-D metamaterial # 4, a modification was 
made to the original micro-architecture provided in Wang et al. (2016a). To find out how 
the additional angle parameter θ0 affects the effective properties of metamaterial # 4, a 
parametric study is conducted with θ0 changing from 0° to 35°. The angle θ varies in the 
range of 5° to 40° so that the constraint of θ0 < θ is satisfied. The other parameters are taken 
to be H1 = 10 mm, H2 = 30 mm, and t = 2 mm. 
Figure 5.6 shows how the effective properties of metamaterial # 4 change with θ or 
r. The values of r displayed in Fig. 5.6(e) are computed using the formula given in Table 
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5.1 for metamaterial # 4. 
It is observed from Fig. 5.6(a) that for each value of θ0,  attains a minimum value 
as θ increases. Among all the cases studied here, the combinations of two re-entrant angles 
(θ0, θ) that lead to the minimum values of  include (0°, 10°), (5°, 10°), (10°, 15°), (15°, 
25°), (20°, 30°), (25°, 35°), and (30°, 40°). Fig. 5.6(b) shows that for each value of θ0 > 5°, 
ν decreases monotonically as θ increases. However, when θ0 is 0° or 5°, ν first decreases 
with the increase of θ and then becomes almost unchanged.  
From Fig. 5.6(c), it is seen that for each value of θ0, E increases when θ increases. 
This is not what is expected, since metamaterial # 4 would become more compliant when 
the re-entrant angle θ gets larger. However, the increase of the relative density ρr with θ, 
as shown in Fig. 5.6(e), accommodates the said structure compliance. As a result, E 
increases with ρr for each value of θ0 considered. In addition, Fig. 5.6(c) reveals that E 
decreases with the increase of θ0 for each given value of ρr, which indicates that θ0 should 
be small in order to attain a stiffer structure for metamaterial # 4. For the effective shear 
modulus G, Fig. 5.6(d) shows that G decreases with the increase of ρr when θ0 = 0°, 5° or 
10°, while for other values of θ0, G does not change much as ρr increases. Hence, it can be 
concluded that the effective shear modulus G is less sensitive to the change of the re-entrant 
angle θ than the effective Young’s modulus E. 
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                              (a)                                                             (b) 
 
       
                                        (c)                                                              (d) 
  
                                                                          (e) 
Fig. 5.6 Variations of the effective properties of metamaterial # 4 with H1 = 10 mm, H2 = 
30 mm, t = 2 mm and the St-Invar combination: (a) the effective CTE α changing with θ, 
(b) the effective Poisson’s ratio ν changing with θ, (c) the effective Young’s modulus E 
changing with ρr, (d) the effective shear modulus G changing with ρr, and (e) the relative 
density ρr changing with θ 
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5.3.2 Effects of H2 
In the simulations presented herein, H2 varies from 8 mm to 50 mm, while the other 
design parameters are fixed at H1 = 10 mm, t = 2 mm, and θ = 30°. For metamaterial # 4, 
θ0 is taken to be 0 in order to compare with the original design of Wang et al. (2016a). Both 
the Al-Invar and St-Invar material combinations are considered. 
Figure 5.7 shows how the effective properties of the four metamaterials change with 
H2 for each of the two material combinations. The values of r displayed in Fig. 5.7(e) are 
computed using the formulas given in Table 5.1 for the four types of metamaterials. 
It is clearly observed from Fig. 5.7(a) that increasing H2 results in a decreasing trend 
of the effective CTE α for each of the four metamaterials, where metamaterial # 4 has the 
largest negative α, which is followed by metamaterials # 1 and # 2 (with almost the same 
α values) and then by metamaterial # 3 for each material combination. Additionally, 
metamaterial # 3 displays near-zero α for the St-Invar material combination. Also, for 
metamaterials # 1, # 2 and # 3, α remains almost unchanged as H2 increases from 8 mm to 
50 mm, while for metamaterial # 4, α decreases monotonically with H2 for each of the two 
material combinations. Furthermore, the Al-Invar material combination (with αAl/αInvar ≈ 
20 at 20 °C; see Table 3.1) leads to a larger negative α than the St-Invar material 
combination (with αSt/αInvar ≈ 10 at 20 °C; see Table 3.1) for each of the four metamaterials.  
Figure 5.7(b) reveals a very different effect of H2 on the effective Poisson’s ratio ν 
for each of the four designed metamaterials with either of the two material combinations. 
It is seen from Fig. 5.7(b) that a negative ν can be attained for all the cases except for 
metamaterial # 3 with the Al-Invar material combination, which displays a near-zero 
effective Poisson’s ratio. In addition, metamaterial # 1 with the Al-Invar material 
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combination possesses the largest negative ν over the entire range of H2 considered.  
Figures 5.7(c) and (d) show that the effective Young’s modulus E and shear modulus 
G increase with the increase of relative density, which decreases with H2, as illustrated in 
Fig. 5.7(e). It is seen that metamaterial # 1 displays the highest tensile stiffness (as 
measured by E), which is followed by metamaterials # 2, # 3 and # 4 for the Al-Invar 
material combination and by metamaterials # 3, # 2 and # 4 for the St-Invar material 
combination. However, metamaterial # 3 exhibits the highest shear stiffness, which is 
followed by metamaterials # 1, # 2 and # 4 for both the Al-Invar and St-Invar material 
combinations. In addition, it is observed from Fig. 5.7(e) that metamaterial # 1 has the 
lowest relative density r (and thus the lightest weight), which is followed by metamaterials 
# 2, # 4 and # 3. 
It can be observed from Fig. 5.7 and the discussion above that even though 
metamaterial # 4 can achieve the largest negative CTE and some negative PR, its load-
carrying capability is the weakest among the four metamaterials designed. In practical 
applications, materials with large negative CTEs are good candidates for thermal actuators 
and adaptors. For other applications that require thermal stability and reduced thermal 
stresses such as satellite antenna and space vehicles, structures with a near-zero CTE and 




                                         (a)                                                                          (b) 
         
                                          (c)                                                                        (d) 
 
 
                                                                       (e) 
Fig. 5.7 Variations of the effective properties of the four metamaterials with H1 = 10 mm, 
t = 2 mm, and the Al-Invar and St-Invar material combinations: (a) the effective CTE α 
changing with H2; (b) the effective Poisson’s ratio ν changing with H2; (c) the effective 
Young’s modulus E changing with ρr for varying H2; (d) the effective shear modulus G 
changing with ρr for varying H2; (e) the relative density ρr changing with H2 
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5.3.3 Effects of θ 
Figure 5.8 displays the variations of the effective properties ν, α, E and G with θ for 
the four metamaterials with both the Al-Invar and St-Invar material combinations when H1 
= 10 mm, H2 = 30 mm and t = 2 mm. The values of r displayed in Fig. 5.8(e) are computed 
using the formulas given in Table 5.1 for the four types of metamaterials. 
It is observed from Fig. 5.8(a) that for metamaterials # 1, # 2 and # 3, the effective 
CTE α decreases with the increase of θ. However, for metamaterial # 4, with the increase 
of θ, α first decreases until reaching its maximum negative value and then increases. This 
variation trend is the same as that reported in Xu and Pasini (2016) for a similar octet bi-
material lattice structure. 
For the effective Poisson’s ratio ν, a different variation trend is revealed for the four 
metamaterials. For metamaterial # 1, ν decreases dramatically with the increase of θ from 
near zero to 0.378 for the Al-Invar material combination and from near zero to ‒0.227 for 
the St-Invar material combination. For metamaterial # 2, ν decreases from near zero to –
0.053 for the Al-Invar material combination and from near zero to –0.086 for the St-Invar 
material combination, in which the effect of the material combination is opposite to that 
for metamaterial # 1. Furthermore, an increasing trend of ν is displayed for metamaterial # 
3, in which v changes from –0.124 to 0.043 for the Al-Invar material combination and from 
–0.149 to –0.043 for the St-Invar material combination. For metamaterial # 4, ν decreases 
from 0.097 to –0.092 for the Al-Invar material combination and from 0.132 to –0.161 for 
the St-Invar material combination. These observations from Figs. 5.7 and 5.8 regarding α 
and ν indicate that the effective Poisson’s ratio v is much more sensitive to the 




                                   (a)                                                             (b) 
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                                                                        (e) 
Fig. 5.8 Variations of the effective properties of the four metamaterials with H1 = 10 mm, 
H2 = 30 mm and t = 2 mm: (a) the effective CTE α changing with θ; (b) the effective 
Poisson’s ratio ν changing with θ; (c) the effective Young’s modulus E changing with θ; 
(d) the effective shear modulus G changing with θ; (e) the relative density ρr changing 
with θ 
Moreover, Fig. 5.8(e) shows that with the increase of the re-entrant angle θ and 
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unchanged unit cell size, the relative density for each of the four metamaterials increases 
for both the material combinations, which is expected for lattice structures with long re-
entrant struts. It is seen from Fig. 5.8(c) that the effective Young’s modulus E decreases 
with the increase of θ for metamaterials # 1, # 2 and # 3, which is different from what is 
observed from Fig. 5.7(c) about E changing with ρr. For metamaterial # 4, however, E 
increases with the increase of θ. Furthermore, for the effective shear modulus G, it is seen 
from Fig. 5.8(d) that metamaterial # 3 exhibits the largest value, which is followed by 
metamaterials # 4, # 1 and # 2. Also, the variation of G with θ is insignificant. In addition, 
Fig. 5.8(e) shows that metamaterial # 1 is the lightest, which is followed by metamaterials 
# 2, # 4 and # 3 for the Al-Invar material combination and by metamaterials # 2, # 3 and # 
4 for the St-Invar material combination. 
It is seen from the parametric study in this section that all the four types of lattice 
structures designed can display a negative or near-zero effective CTE and Poisson’s ratio, 
the extent of which depends on the geometrical parameters and material combination. 
Among the four metamaterials, metamaterial # 4 modified from Wang et al. (2016a) 
displays the largest negative effective CTE but the lowest effective Young’s modulus. 
Metamaterial # 1 can achieve both a negative PR and a non-positive CTE while 
maintaining a high stiffness and the lowest relative density, thereby outperforming the 
other three metamaterials in terms of the structural efficiency (as measured by light weight 
and high stiffness). The good tunability of thermo-mechanical properties of all these four 
types of metamaterials provides an avenue of enabling the expansion of Ashby’s material 




Figure 5.9 shows an Ashby-type material chart of the effective CTE versus the 
effective Young’s modulus, which is plotted using the seven sets of simulation results for 
metamaterial # 1 shown in Figs. 5.4 (three sets), 5.7 (two sets) and 5.8 (two sets). It is seen 
that metamaterial # 1 can attain an unprecedented combination of properties including an 
effective Young’s modulus of 1 GPa or higher and an effective CTE ranging from 10 
ppm/°C to 0.35 ppm/°C, which cannot be achieved by other classes of materials. With 
attainable near-zero effective CTE, such metamaterials can be used to maintain thermal 
stability. Although the anisotropic octet structure proposed by Xu and Pasini (2016) 
possesses a higher stiffness, it can only achieve large CTE values in one prescribed 
direction. The micro-architecture proposed here for metamaterial # 1 has the advantage of 
attaining isotropic thermal expansion and reaching CTE values over a large range.  
 
Fig. 5.9 The effective CTE α versus the effective Young’s modulus E for metamaterial # 
1 and a comparison with the Ashby material chart (Ashby, 2010) 
5.4 Conclusions 
Four types of 3-D metallic metamaterials are designed and analyzed by using two 
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length parameters, two angle parameters and two material combinations as design 
parameters. For each metamaterial proposed, the effects of these parameters on the 
effective Poisson’s ratio (PR), coefficient of thermal expansion (CTE), Young’s modulus, 
shear modulus and the relative density are studied in detail through unit cell-based finite 
element simulations that use periodic boundary conditions. Each of the four types of 
metamaterials is found to exhibit the cubic symmetry.  
It is shown that the 3-D metamaterials designed can be tailored to exhibit positive, 
near-zero or negative PR and CTE, thereby enabling the expansion of Ashby’s material 
chart. By properly selecting the design parameters, 3-D metamaterials with desired 
properties can be generated. In particular, it is seen that the lattice structure of 3-D 
metamaterial # 1 can be tailored to obtain metallic metamaterials displaying both a negative 
PR and a non-positive CTE while maintaining a high stiffness and a low relative density. 
The thermomechanical properties of this newly designed metallic metamaterial predicted 
by the finite element model can be further validated by comparing with experimental data 





Chapter 6  
TOPOLOGY AND SHAPE OPTIMIZATION OF 2-D MICRO-ARCHITECTURED 
ELASTIC METAMATERIALS USING A MESHFREE METHOD COMBINED WITH 
A PARAMETRIC LEVEL SET METHOD 
A limited number of studies have been conducted by using topology optimization 
based on the meshfree method to design periodic metamaterials. These studies are focused 
on designing continuum structures (e.g., Luo et al., 2012; Shobeiri, 2016; Cui et al., 2017). 
Wang et al. (2015a) utilized the meshfree method based on the radial point interpolation 
technique to design 2-D periodic microstructures with a targeted effective elastic stiffness 
tensor. However, only one solid material was considered in their study.  
The main objective of this study is to employ the meshfree radial point interpolation 
method (e.g., Wang and Liu, 2002; Ai and Gao, 2016) to conduct topology optimization 
with the aim of attaining 2-D micro-architectured metamaterials with unusual properties. 
The parametric level set method for topology optimization proposed by Wang and Wang 
(2006) is chosen here due to its advantages of clear topological variation and crisp 
boundary revolution over other optimization methods. In the current study, both one solid 
material and two solid materials with a void phase are considered and three numerical 
examples are provided for each case which include maximizing the bulk modulus, 
maximizing the shear modulus, and minimizing Poisson’s ratio under a given volume 
fraction constraint. A unit-cell based homogenization method is employed to determine the
127 
 
 effective elastic properties. It is found that the newly developed model can generate 
smooth topological boundaries and optimal microstructures.  
6.1 Parametric level set method 
The level set method is a very popular approach to tackling free boundary movement, 
image segmentation and fluid drop evolution. Due to its advantages in handling a moving 
boundary, Wang et al. (2003) first introduced this method into topology optimization, in 
which more crisp and smooth boundaries were found than those given by density-based 
topology optimization methods, including the solid isotropic material with penalization 
(SIMP) method (e.g., Bendsøe, 1995; Bendsøe and Sigmund, 2003) and the evolutionary 
structural optimization (ESO) method (e.g., Xie and Steven, 1993).  
   
                     (a) 3-D level set function                              (b) 2-D geometry 
Fig. 6.1 A 2-D boundary embedded as the zero level set of a 3-D level set function.  
6.1.1 Level set free boundary representation 
In the level set-based topology optimization, the structural boundary is implicitly 
represented by the zero-level set of a one-dimensional-higher-level set function with 
Lipschitz continuity (e.g., Wang et al., 2003). For instance, Fig. 6.1 displays the boundary 
of a 2-D structure shown in Fig. 6.1(b) that can be described as the zero-level set of a 3-D 
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level set function as presented in Fig. 6.1(a) and the corresponding level set equation is 




, 0 \ (material)
, 0      (boundary)







     

    





where x is any point in the fixed reference domain D, t is the introduced pseudo-time to 
enable the dynamic motion of the level set function ϕ(x, t) that gives the level set value at 
the location x and the artificial time t. Also, Ω denotes all the admissible shapes of the solid 
material domain, ∂Ω represents the boundary of the domain Ω. Through differentiating the 
zero-level set ϕ(x, t) = 0 on both sides with respect to the pseudo-time t, the Hamilton-
Jacobi partial differential equation (HJ-PDE) (Osher and Sethian, 1988) can be obtained as 
given in Eq. (6.2). 










+ v , (6.2) 
in which, only the normal velocity will propagate the evolution of the material boundary. 











v , (6.3) 
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x
v v n . (6.4)  
Therefore, the shape and topology evolvement of the structure is now transformed 
into a process of finding the appropriate velocity field to get the feasible solution of HJ-
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PDE. To advance the level set function, the normal velocity can be obtained according to 
the specific physical problems (e.g., Allaire et al., 2004). However, to obtain the numerical 
solution of the HJ-PDE is not an easy task, especially when a general analytical expression 
of the level set functions is unknown. As a result, the finite difference method like the up-
wind scheme (e.g., Sethian, 1999) is usually required to advance the level set function.  
6.1.2 Parametric level set method using CS-RBF 
For the conventional level set method (CLSM) as mentioned in Section 6.1.1, the 
numerical considerations such as the Courant–Friedrichs–Lewy (CFL) condition 
restriction, a re-initialization procedure , and a velocity extension algorithm need to be 
addressed appropriately in order to obtain proper results. To eliminate such above-
mentioned numerical concerns, Luo et al. (2007) proposed a parametric level set method 
(PLSM) by applying compactly supported radial basis functions (CS-RBFs) (Wendland, 
1995; 2006) to interpolate the level set function. It was proved that the PLSM is capable of 
maintaining structural shape fidelity and topological change simultaneously and of keeping 
the boundary smooth during the optimization process (e.g., Luo et al., 2007; Wang et al., 
2014).  
In this study, the following popular CS-RBF with C2 smoothness as shown in Eq. 
(6.5) is adopted. 
   
4
( ( , )) max(0,(1 ( , ))) 4 ( , ) 1r x y r x y r x y    , (6.5) 
where r is the radius of support, and is usually defined in a 2-D Euclidean space by Eq. 
(6.6): 








  , (6.6) 
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where dІ is the distance of the current level set grid knot (x, y) to the knot (xi, yi), and dmІ is 
the radius of the compactly support domain for the knot (x, y) that can be determined as 
dmІ = dmax∙CI, in which dmax can adopt the values between 2 and 4 and CI is taken as the 
average grid spacing (e.g., Luo et al., 2007).  
The derivatives of the right-hand side of Eq. (6.5) with respect to x and y are 
expressed in Eqs. (6.7) and (6.8). 
 
3(r(x, y))
max(0,(1 r(x, y))) ( 20r(x, y))
r r
x r x x
    
   
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r r
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    
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   
, (6.8) 
in which, the derivatives r (x, y) with respect to x and y are defined as Eqs. (6.9) and (6.10). 
Fig. 6.2 shows the shape and derivatives of CS-RBF-C2 for a 2-D case with desired 
smoothness and completeness in interpolating the scalar function. 
 
                          (a)                                             (b)                                             (c) 




( ) ( )
i
i mI i i
x xr
x d x x y y






( ) ( )
i
i mI i i
yr
y d x x y y






In terms of the CS-RBFs, the level set function can be approximated by centrally 
positioning these CS-RBFs at their prescribed knots over the design domain as 
( , ) ( ) ( )h Tt t x x m , (6.11) 
in which,  
1 2( ) [ ( ), ( ),..., ( )]
T
n  x x x x , (6.12) 
 1 2( ) ( ), ( ),..., ( )
T
nt m t m t m tm , (6.13) 
where, h stands for the approximation, φ(x) is a vector of CS-RBFs defined over the fixed 
grid points so that it is only spatial dependent. m(t) is a vector of the generalized expansion 
coefficients serving as design variables which is only time-dependent. n is the number of 
level set grid knots distributed in the problem domain D. If the initial interpolation values 
ϕi (i is from 1 to n) of the discrete level set function at each knot are prescribed, then the 
initial expansion coefficients m(t0) at the initial state t0 can be obtained by using Eq. (6.14). 
 0 0 0 1 2 3( ) ( ) ( ) , , ,...,
T
nt t t     Am    , (6.14) 
with 
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The collection matrix A as shown in Eq. (6.15) is theoretically invertible due to the strict 
positive definiteness of the CS-RBFs, so m(t0) can be obtained as A
-1ϕ(t0).  
By substituting m(t0) into Eq. (6.11), Eq. (6.16) is obtained. 
1
0 0 0( , ) ( ) ( ) ( ) ( ) ( ) ( )
h T Tt t t N t  x x m x A x     , (6.16) 
in which N(x) = φ(x)TA-1 is used as the shape function construction in the meshfree method 
132 
 
(e.g., Ai and Gao, 2016). Accordingly, the conventional level set function as presented in 
Eq. (6.3) can be changed into Eq. (6.17). 
 ( ) (t) (t) 0
TT
n  x m v m  . (6.17) 














The present parametric level set method has its capability of generating new holes 
inside the material domain with a natural velocity extension (as illustrated in Eq. 6.18), so 
there is no need to include topology derivatives (e.g., Burger et al., 2004) during the 
implementation procedure. Also, no re-initialization needs to be conducted after certain 
iterations. Through the parameterization, the CLSM has been changed into a ‘size’ problem 
that inherits the same concept as described in the SIMP and BESO methods, in which the 
updated design variables are expansion coefficients as mentioned above, which are similar 
to element densities as employed in the SIMP and BESO methods.  
6.1.3 Multi-material parametric level set method 
Based on the PLSM introduced in Section 6.1.2, a multi-material optimization can 
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where k is the number of level set functions which is taken as 1 and 2 to describe three 
distinct phases including two solid materials and one void phase (Wang et al., 2015b). Ωk 
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denotes the domain with a positive value of the kth level set function and ∂Ωk is the 
boundary of the kth level set function. D is the reference domain that includes all admissible 
shapes of Ωk. The derivatives of multiple level set functions are the same as Eq. (6.3) as 
shown in Eq. (6.20). 
( , t)











v  (6.20) 
where k
nv  is the normal velocity of the kth level set function that can be obtained similarly 

















According to the multi-material approach developed by Wang et al. (2015b), two 
solid materials and one void phase can be represented by two level set functions as 
schematically displayed in Fig. 6.3. When the level set function ϕ1 is greater than zero, it 
denotes the total solid material usage while the level set function ϕ2 determines how the 
two solid materials are distributed in the problem domain. As illustrated in Fig. 6.3, ϕ1 >0 
and ϕ2 <0 represents the solid material 1, and ϕ1 >0 and ϕ2 > 0 represents the solid material 
2, respectively. Accordingly, when the level set function ϕ1 is less than zero, it denotes the 
void phase. Therefore, in this case, the elastic stiffness tensor at any computational point 
for two solid materials with a void phase can be calculated using Eq. (6.22). 
 1 2 1 2 2( , ) ( ) 1 ( ) ( )H H H       C x C C , (6.22) 
in which, C1 and C2 are the elastic stiffness tensors for the two solid materials 1 and 2, 
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Accordingly, the volume fractions for each solid material can be expressed as Eqs. (6.24a) 
and (6.24b). 
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   (6.24b) 
where Vf1 and Vf2 are the volume fractions for the two solid materials 1 and 2, respectively. 
Hi is short for H(ϕi) with i being 1 and 2. The remaining space is occupied by the void 
phase. In addition, the elastic stiffness tensor for one solid material with a void phase can 









   
6.2 Formulation of the optimization problem 
In this study, three optimization problems are presented including maximizing bulk 
modulus, maximizing shear modulus and minimizing Poisson’s ratio with the constrained 
effective bulk modulus, in which one level set function (one solid material with a void 
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phase) and two level set functions (two solid materials with a void phase) are both 
considered. All the structures are treated as cubic symmetry with three independent elastic 
constants for the homogenized elastic stiffness tensor, i.e., C11 = C22, C12, C44. Eq. (6.25) 
displays the general formulation of the optimization problem investigated here. However, 
the specific formulations for each problem mentioned above are presented in detail in 
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. (6.25) 
where, expansion coefficients k
im  serve as design variables in optimization with i from 1 
to n that represent the total number of level set knot points in the design domain. And, k is 
taken as 1 and 2 in the multi-material optimization and only 1 in one solid material 
optimization. In addition, J(CH) represents the objective function related to the 
homogenized stiffness CH tensor; V1 and V2 are the prescribed volume fractions for solid 




im  are the lower and upper bounds of the design variables regarding level set 
functions in order to guarantee a stable and converged solution.  
In addition, the bilinear energy forms are expressed in Eqs. (6.26) and (6.27). 
   , , ( ) , ( )Tij ijkl kl
D
a u v u C x v dD     , (6.26) 
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 0( , ) ( ) , ( )ij ijkl kl
D
l v u C x v dD     , (6.27) 
in which,  Cijkl x,  is the locally varying elastic stiffness tensor that is related to the level 
set function ϕ. u and v are the real and virtual displacement fields, respectively. U is the 
kinematically admissible displacement space. Also, u0 is the prescribed displacement on 
the admissible Dirichlet boundary ГD.  
6.2.1 Calculation of effective properties 
Homogenization method can be employed to calculate material effective properties 
of composites with periodic representative volume elements or unit cells, which has no 
limitations on the detailed topology of the RVE model. In this approach, the RVE is 
assumed to have a significantly smaller size compared with the macroscopic dimension of 
a composite. Asymptotic homogenization (e.g., Hassani and Hinton, 1998a) and strain 
energy based homogenization (e.g., Zhang et al., 2007) are two generally adopted 
approaches in order to obtain the effective properties of the periodic structures.  
For the asymptotic homogenization theory, the homogenized elastic stiffness tensor 
is given in Eq. (6.28) (e.g., Wang et al., 2014; Sigmund, 1994,1995): 
    0( ) *( ) 0( ) *( )
1
,H ij ij kl klijkl rs rs pqrs pq pq
D
C C x dD
D
       , (6.28) 
where |D| denotes the area of a 2-D periodic base cell domain D, 
0( )kl
pq  defines three linearly 
independently unit test strain modes, 
*( )kl
pq represents the locally varying strain field 
induced by the test strain 
0( )kl
pq , which can be calculated using Eq. (6.29). 













The detailed implementation can be found in the work conducted by Andreassen and 
Andreasen (2007), in which the corresponding nodes located at the opposite surfaces are 
assigned with the same nodal numbers ensuring the deformation is periodic. Additionally, 
the test strain mode 
0( )kl
pq is applied to each discretized element with fixed degrees of 
freedom to prevent the rigid body motion. Under this situation, the locally varying strain 
*( )kl
pq can be calculated. However, for the strain energy based homogenization method, the 
test strain 
0( )kl




0( ) *( )kl kl
pq pq   as mentioned in the asymptotic approach (e.g., Xia and 
Breitkopf, 2015; Sigmund, 1994). Accordingly, Eq. (6.28) for the asymptotic 
homogenization can be varied for the strain energy based approach deriving from average 
stress and average strain theory (Xia and Breitkopf, 2015) as shown in Eq. (6.30), which is 
employed in the current study. 
 ( ) ( )
1




    x, , (6.30) 
in which the unified kinematic periodic boundary conditions (Xia and Zhang et al., 2003) 
are employed herein to ensure the deformation continuity between two neighboring unit 
cells.  
During numerical implementation, the stress and strain tensors are simplified into the 
stress and strain vectors (1 by 3) according to the Voigt matrix notation, as presented in 
Eqs. (6.31) and (6.32): 
   1 2 3= , , , ,xx yy xy      , (6.31) 
   1 2 3= , ,2 , ,xx yy xy      . (6.32) 
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For a 2-D RVE, three independent sets of unit strain vector (ε0(1) = [1 0 0], ε0(2) = [0 1 0], 
ε0(3) = [0 0 1]) are applied on the RVE boundaries. Thus, the homogenized elastic stiffness 
tensor in Eq. (6.30) can be reorganized as given in Eq. (6.33). 
 ( ) ( )
1




  C x,  , (6.33) 
where p, q, and r, s are taken from 1 to 3. 
6.2.2 Sensitivity analysis 
As mentioned in Section 6.1.2, the PLSM has been successfully evolved into a ‘size’ 
optimization problem which only needs to update the expansion coefficients iteratively by 
using a gradient-based mathematical programming method. The method of moving 
asymptotes (MMA) optimization algorithm developed by Svanberg (Svanberg, 1987; 2002) 
is used to update expansion coefficients. It is proved to be a better optimizer to address 
multiple constraints than the optimality criterion (e.g., Hassani and Hinton, 1998b). Thus, 
the interpolants of the level set function can be updated correspondingly that leads to the 
motion of the level set function, and then induces the evolution of the shape and topology 
of the structure. To employ the MMA, the first derivative of the objective function J(CH) 
with respect to the design variables should be obtained first (e.g., Choi and Kim, 2006), as 











In order to obtain the derivative of the effective elastic stiffness tensor H
rsC  with respect to 
k
im , the derivative of 
H
rsC  in Eq. (6.33) with respect to the pseudo-time t as mentioned in 
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where, the Dirac delta function δϕk is the derivative of the Heaviside function H(ϕi) which 
is defined as δϕk = H(ϕk)/ ϕk. 
Substitute Eqs. (6.20) and (6.21) into Eq. (6.35) and yield Eq. (6.36): 
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x . (6.36) 
Alternatively, the shape derivative of the effective elastic stiffness tensor H
rsC  can also be 
expressed as given in Eq. (6.37) using the chain rule: 
1
( )H H knrs rs i
k
i i





 . (6.37) 
By comparing Eqs. (6.36) and (6.37), the derivative of H
rsC with respect to 
k
im  can be 
expressed as Eq. (6.38). 
 ( ) ( ),1 ( ) d
( )
H
pqA r A s k krs












x . (6.38) 
For the scenario with one level set function, the result of the derivative is given in Eq. 
(6.39).  
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x . (6.39) 
Additionally, for the scenario with two level set functions (e.g., Wang et al., 2016b; Wang 
et al., 2017b), the results of the two derivatives are given in Eqs. (6.40) and (6.41). 
 ( ) 2 1 2 2 ( ) 1 11
1
1 H H ( ) d
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A r A srs
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x . (6.41) 
Moreover, the derivative of the volume fraction constraint for one level set function 














x . (6.42) 
In addition, the derivatives of the two volume fraction constraints with respect to the design 
variables for the optimization with two level set functions are expressed in Eqs. (6.43)-
(6.46). 
 1 2 111
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x . (6.46) 
6.3 Numerical implementation 
To implement the topology optimization algorithm as mentioned above, the CS-RBF 
knots in this study are positioned in consistent with (but not necessarily) with field nodes 
distributed in the meshfree method only for the sake of numerical simplicity. To get highly 
accurate numerical results, the initial level set function values at each knot are usually 
regularized as a signed distance function which is a subset of implicit functions as defined 
in Eq. (6.47). Also, no re-initializations are needed compared with the conventional level 







min( )  \ (inside)     
, 0                       (boundary)




      

    





where t0 denotes the initial state, and xI is the nearest grid knot located in the opposite 
domain relative to the grid knot x.  
As for the meshfree method, the regular background cells distributed in the fixed 
reference domain D are used to implement area integrals in which 4×4 Gaussian quadrature 
points are chosen. Besides, the assembly of the stiffness matrix K for the problem domain 
is obtained through looping over all Gaussian quadrature points and assembling each local 
stiffness matrix into the global stiffness matrix according to the nodal numbering sequence, 




w J ( ) ( ) ( )
gp
n n n n n
n
K B x C x B x , (6.48) 
where wn and Jn are the weight and Jacobian at the Gaussian quadrature point xn, 
respectively. ngp is the total number of Gaussian quadrature points. B(xn) is the strain-
displacement matrix at xn. In addition, C(xn) is the locally varying elastic stiffness tensor 
at xn which is determined using the numerical technique as illustrated in Fig. 6.4. It can be 
clearly seen in Fig. 6.4 that the material discontinuity in the PLSM is tackled entirely in 
terms of the level set values at each computational point, which indicates the solid material 
(ϕg(x) > 0) and void weak material (ϕg(x) < 0) phases in the design domain for one solid 
material optimization scenario. Moreover, the level set function values at any Gaussian 
quadrature point xn can be determined through the interpolation of the field nodes in the 
subdomain using the shape function values obtained from the meshfree method. Regarding 
the multi-material optimization, Eq. (6.22) is employed at each computation point to 
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determine the local elastic stiffness tensor. 
 
Fig. 6.4 Schematic of material discontinuity for one solid material and a void phase  
After obtaining the displacement field using the equation KU = F, the effective 
elastic stiffness matrix in Eq. (6.33) can be solved using the following Eq. (6.49) through 
looping through all the Gaussian quadrature points distributed in the domain D. 





H A r T A s




  u k u , (6.49) 
where ( )A r
nu  is the displacement components of the Gaussian quadrature point xn obtained 
from the displacement U. kn is the local stiffness matrix at the Gaussian quadrature point 
xn.  
Furthermore, the derivative of the effective elastic stiffness tensor as displayed in Eq. 
(6.38) can be obtained as given in Eq. (6.50). 
 ( ) ( )
1
1
w J ( ) ( )
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nr T T s k krs











u B Bu x x , (6.50) 
The same situation can be applied to the derivatives of volume fraction constraints as 
displayed in Eqs. (6.42)-(6.46). 
Moreover, the Heaviside function  ( )kH  x and Dirac delta function  ( )k  x  can 
be approximated as smooth piece-wise equations, which are expressed in Eqs. (6.51) and 
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where, ∆ is a real positive constant, and it is usually chosen as 2-4 times as the background 
cell size regarding numerical experience. α and γ are small positive numbers to ensure that 
the overall stiffness of the structure is nonsingular. Here, Δ is taken as 3.5 times the average 
grid knot spacing with α being equal to 0.0001 and γ being equal to 0.0005. 
Additionally, the volume fraction constraints in the MMA algorithm can be achieved 
through a tolerance of 1%. Besides, the lower and upper bounds of the design variables are 
chosen to be  ,minkL k li i im m   and  ,maxkU k li i im m   in which ζ is a controlling 
parameter that ranges from 1.5 to 6 accommodating different optimization problems and l 
denotes the iteration cycle. The support radii for the radially supported domains are chosen 
as 3.5 times the average level set grid spacing for both the level set function interpolation 
and meshfree shape function construction (Luo et al., 2007). The optimization is terminated 
if the relative difference between two successive objective values falls below 0.001 unless 
otherwise stated. Also, the move limit in the MMA algorithm can be flexibly adjusted 
according to the specific examples, normally setting as m = 0.3 unless otherwise stated. 





Fig. 6.5 Flowchart of topology optimization 
6.4 Numerical examples and discussions 
In this section, three numerical examples are presented to demonstrate the 
effectiveness and capabilities of the proposed method for shape and topology optimization 
of mechanical metamaterial including maximizing the bulk modulus, maximizing the shear 
modulus, and minimizing Poisson’s ratio with the effective bulk modulus constraint. For 
simplicity but without losing any generality, this study focuses on designing periodic 
metamaterials subject to the plane stress condition. 
6.4.1 One solid material with a void phase  
The artificial material model is adopted here, in which Young’s modulus for the full-
solid material and the void phase are 1 and 0.0001, respectively, both with the same 
Poisson’s ratio of 0.3. The solid material is assumed to be elastic, isotropic and 
homogeneous. Fig. 6.6 displays two initial distributions of field nodes in the unit cell with 
different hole distributions: one is with four by four holes in the design domain shown as 
case 1 in Fig. 6.6(a), and the other one is with eight by eight holes in the design domain 
revealed as case 2 in Fig. 6.6(b). The square unit cell is discretized with a set of uniformly 
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distributed field nodes (31 × 31 = 961), and the number of regular background cells 900, 
i.e., 30 × 30, is used for numerical integration. In each background cell, four by four 
Gaussian quadrature points are distributed in evaluating the stiffness matrix of the Galerkin 
global weak form, which means a total number of 14400 integration points are used.  
 
                                             (a) Case 1                   (b) Case 2 
Fig.6.6 Two initial field node distribution (31 by 31) used in topology optimization (a) 
Case 1: 4 by 4 holes; (b) Case 2: 8 by 8 holes 
6.4.1.1. Maximum bulk modulus 
The first example is to design periodic lattice structures with the maximum bulk 
modulus. Here the effective bulk modulus for the 2-D plane stress case is defined as KH = 
(C11+2C12+C22)/4 that reflects the material’s capability to sustain a unit hydrostatic strain 
(de Kruijf et al., 2007). Therefore, the objective function defined in the general formulation 
for topology optimization as displayed in Eq. (6.25) can be specified into Eq. (6.53): 
 11 12 22 /( ) 2 4
H C C CJ   C . (6.53) 
Figure 6.7 displays the final optimal material configurations obtained from the initial 
distributions 1 and 2 as illustrated in Fig. 6.6 with five by five repetitive unit cells in which 
the dotted red square dictates the optimal unit cell with a 30% volume fraction constraint. 
Figs. 6.7(b) and 6.7(d) present the iteration history of the objective function and volume 
fraction constraint. For the initial case 1 in Fig. 6.6 (a), both the objective and volume 
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fraction constraint are converged after 55 iterations with mass usage being well maintained 
while 85 iterations are computed to achieve the optimal structure for the initial case 2 in 
Fig. 6.6 (b). That means the initial distribution 1 can approach the optimized structure faster 
compared with the initial distribution 2 with the same optimization parameter setting. The 
optimized structures shown in Figs. 6.7(a) and 6.7(c) possess the similar geometrical 
features but different hole distributions due to two different initial cases: one with three 
holes in each direction and the other having four holes in each direction. The converged 
maximum bulk modulus values also exhibit different results 0.15266 and 0.19139, 
respectively. Additionally, Fig. 6.8 shows the final optimal material configurations 
obtained from the initial distributions 1 and 2 with five by five repetitive unit cells in which 
the dotted red square dictates the optimal unit cell with a 40% volume fraction constraint. 
Different optimized structures are obtained from two initial guesses as well as the objective 
values. These observations demonstrate that the topology optimization method employed 
in this study cannot get rid of the dependence of the initial guesses, which constitutes the 
general issue in topology optimization. Moreover, by comparison of Figs. 6.7 (a) and 6.8 
(a), it can be observed that the geometries are almost the same and the main difference is 
the strut thickness. However, the optimized structures displayed in Figs. 6.7(c) and Fig. 
6.8(c) have the entirely different topology even if they both originate from the same initial 




Case 1 with 30% volume fraction constraint 
               
                       (a) Optimal structure                        (b) Iteration history 
Case 2 with 30% volume fraction constraint 
               
                       (c) Optimal structure                        (d) Iteration history 
Fig. 6.7 Optimal design for maximum bulk modulus and the corresponding iteration 
history of case 1 (totaling 52 iterations) and case 2 (totaling 84 iterations) as displayed in 
Fig. 6.6 with 30% volume fraction constraint  
Case 1 with 40% volume fraction constraint 
          
                           (a) Optimal structure                 (b) Iteration history 
Case 2 with 40% volume fraction constraint 
             
                          (c) Optimal structure                   (d) Iteration history 
Fig. 6.8 Optimal design for maximum bulk modulus and the corresponding iteration 
history of case 1 (totaling 54 iterations) and case 2 (totaling 80 iterations) as displayed in 
Fig. 6.6 with 40% volume fraction constraint 
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6.4.1.2 Maximum shear modulus 
The second demonstration example is to find periodic lattice structures with 
maximum shear modulus with two material volume fraction constraints as 30% and 40%, 
respectively. Here the effective shear modulus is defined as GH = C33 that reflects the 
material’s capability to sustain shearing strain. Hence, the objective function defined in the 
general formulation for topology optimization as displayed in Eq. (6.25) can be specified 
into the Eq. (6.54). 
33( )
H CJ  C . (6.54) 
Figures 6.9 (a) and (c) display the optimized microstructures with 5 by 5 unit cells 
obtained from two initial guesses 1 and 2 as displayed in Fig. 6.6 and the attained maximum 
shear modulus values are 0.14520 and 0.14475, respectively, with the red dotted square 
denoting the unit cell. Converged results are obtained after 62 and 118 iterations when the 
volume fraction of the solid material is 30% as seen in Figs. 6.9(b) and 6.9(d). These 
diamond or wine-rack microstructures are the same as the solutions presented by Huang et 
al. (2011). Two initial guesses almost give the same microstructures with irregularity 
existing in the optimized microstructure obtained from the initial guess 2 as shown in Fig. 
6.6 (b). Furthermore, the final optimized microstructures with a 40% volume fraction 
constraint are illustrated in Figs. 6.10 (a) and (c). Two connecting wine-rack structures are 
displayed in the optimal unit cell as shown in Fig. 6.10 (c) orginating from the initial guess 
2 as shown in Fig. 6.6(b). In addition, three by three identical diamond structures exist in 
the single optimized unit cell obtained from the initial guess 1 in Fig. 6.6(a). Moreover, 
two different initial distributions present almost the same maximized shear modulus values: 
0.19868 and 0.20146 with the volume fraction constraint being 40%.  
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Case 1 with 30% volume fraction constraint 
          
                           (a) Optimal structure                   (b) Iteration history 
Case 2 with 30% volume fraction constraint 
             
                           (c) Optimal structure                    (d) Iteration history 
Fig. 6.9 Optimal design for maximum shear modulus and the corresponding iteration 
history of case 1 (totaling 61 iterations) and case 2 (totaling 116 iterations) as displayed 
in Fig. 6.6 with 30% volume fraction constraint 
Case 1 with 40% volume fraction constraint 
          
                          (a) Optimal structure                   (b) Iteration history 
Case 2 with 40% volume fraction constraint 
          
                           (c) Optimal structure                   (d) Iteration history 
Fig. 6.10 Optimal design for maximum shear modulus and the corresponding iteration 
history of case 1 (totaling 44 iterations) and case 2 (totaling 46 iterations) as displayed in 
Fig. 6.6 with 40% volume fraction constraint 
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6.4.1.3 Minimum Poisson’s ratio  
The implemented topology optimization in this section is to produce elastic 
metamaterials with the minimized Poisson’s ratio. In this case, auxetic metamaterials, i.e., 
materials with negative Poisson’s ratio can be generated. Accordingly, the objective 
function defined in the general formulation for topology optimization as displayed in Eq. 







C . (6.55) 
 
                                             (a) Case 1                   (b) Case 2 
Fig. 6.11 Two initial field node distribution (41 by 41) used in topology optimization (a) 
Case 1: 4 by 4 holes in the design domain; (b) Case 2: 8 by 8 holes in the design domain. 
Furthermore, in addition to the volume fraction constraint in attaining the minimized 
Poisson’s ratio, the stiffness constraint should also be specified in order to get the stable 
solution as well as to meet the load-carrying capability for the structural application. Herein, 
the lower bound on the stiffness constraint is given as 30% of the upper bound of the 
effective bulk modulus predicted using the H-R bounds (Hashin and Shtrikman, 1963). 
Through a few of numerical tests for the objective of minimizing Poisson’s ratio, it is 
observed that the 41 by 41 field node distribution works better than the 31 by 31 field node 
distribution because it is much more inclined to obtain the converged and stable structures. 
Therefore, all the optimization examples in this section are implemented using 41 by 41  
151 
 
Case 1 with 30% volume fraction constraint 
            
                          (a) Optimal structure                     (b) Iteration history 
Case 2 with 30% volume fraction constraint 
                
                          (c) Optimal structure                      (d) Iteration history 
Fig. 6.12 Optimal design in minimizing Poisson’s ratio and the iteration history of case 1 
(totaling 112 iterations) and case 2 (totaling 37 iterations) as shown in Fig. 6.11 with 30% 
volume fraction constraint 
Case 1 with 40% volume fraction constraint 
           
                           (a) Optimal structure                   (b) Iteration history 
Case 2 with 40% volume fraction constraint 
               
                           (c) Optimal structure                  (d) Iteration history 
Fig. 6.13 Optimal design in minimizing Poisson’s ratio and the iteration history of case 1 
(totaling 115 iterations) and case 2 (totaling 75 iterations) as shown in Fig. 6.11 with 40% 
volume fraction constraint  
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field nodes instead of 31 by 31 field nodes as used in the previous section. Furthermore, 
the convergent criterion is also set as when the objective between two successive iterations 
is smaller than 0.01, and the iteration number is greater than 20, then the optimization stops 
automatically. Fig. 6.11 displays two initial distributions of field nodes in the unit cell: one 
is with four by four holes, and the other is eight by eight holes distributed in the unit cell. 
In addition, the square unit cell is discretized with a set of uniformly distributed field nodes 
(41 × 41 = 1681), and a number of regular background cells (40 × 40 = 1600) are used only 
for the numerical integration. 
It can be observed in Figs. 6.12 (a) and (c) that the optimized unit cell expands 
vertically if stretched laterally, which means the optimal solution exhibits a negative 
Poisson’s ratio. Also, the optimal design in Fig. 6.13(c) is similar to the well-known chiral-
type structure which has been widely studied in order to generate the auxetic behavior (e.g., 
Saxena et al., 2016). Due to the use of the PLSF, the geometrical boundary of the unit cell 
remains smooth during the whole optimization process. In addition, the material interface 
between the solid and void phases is distinct and free of gray regions. Although the initial 
design has a relatively simple shape and topology, it can implement complex shape and 
topology changes. Fig. 6.13 displays the final optimized solutions and iteration history of 
the objective and 40% volume fraction constraint. Although different optimal solutions are 
obtained under different initial configurations, all the results provide a reasonable 
distribution of solid materials with almost the same minimized Poisson’s ratio: ‒ 0.29165 
and ‒ 0.2938. The unit cell revealed from Fig. 6.13 (a) is close to the widely known re-
entrant type that possesses the negative Poisson’s ratio (Lakes, 2017). The microstructure 
displayed in Fig. 6.13 (c) is also a variation of re-entrant type only with slight differences 
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at the geometrical corner of the unit cell. 
 
Fig. 6.14 Initial field node distribution (41 by 41) for the topology optimization based on 
a star-shaped structure with H1 = 2 mm, H2 = 6 mm, θ = 20° and t = 1 mm as illustrated in 
Fig. 3.1(a) 
Aside from the two initial distributions illustrated in Fig. 6.11, the metamaterial #1 
proposed in Chapter 3 is also employed herein as one initial guess to further conduct a 
shape optimization with the aim of minimization of Poisson’s ratio. Fig. 6.14 displays the 
initial field node distribution based on a star structure with H1 = 2 mm, H2 = 6 mm, θ = 20° 
and t = 1 mm. It is worth mentioning that no topology optimization is supposed to occur 
during numerical optimization because the shape optimization is the only goal we would 
like to achieve in this part of optimization. Based on the method of moving asymptotes, 
the pure shape optimization can be achieved through limiting the design variables into a 
narrow region. 
As is clearly seen from the Figs. 6.15 (a) and (c), the basic star shape is well 
maintained in which only the strut thicknesses are slightly changed during optimization 
procedure, with the edge struts possessing the thinner thickness compared with the re-
entrant and middle struts both for 30% and 40% volume fraction constraints. In addition, 
oscillations of the objective function as shown in Fig. 6.15 (b) may be due to the adjustment 
of material distributions within local regions; however, after around 40 iterations, the 
objective becomes almost stable and achieves converged results after 82 iterations. While 
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for the optimization with the 40% volume fraction constraint, it takes fewer iterations 
compared to that with the 30% volume fraction constraint before the result becomes stable. 
This is attributed to the fact that the volume fraction of the initial guess in Fig. 6.14 is much 
closer to the specified volume fraction constraint 40%.  
With 30% mass constraint 
     
                           (a) Optimal structure                 (b) Iteration history 
With 40% mass constraint 
         
                              (c) Optimal structure               (d) Iteration history 
Fig. 6.15 Optimal design in minimizing Poisson’s ratio and the iteration history with 30% 
(totaling 82 iterations) and 40% (totaling 37 iterations) volume fraction constraints from 
the initial distribution as displayed in Fig. 6.14. 
6.4.2 Two solid materials with a void phase  
For design of three-phase composites, the artificial material properties are chosen as: 
E1 =10, E2 = 1, ν1 = ν2 =0.3. In this study, the field node distribution is set as 31 by 31 with 
volume fraction constraints being as Vf1 = 30% and Vf2 = 15% for two solid materials 
respectively. Two initial configurations are used herein as shown in Figs. 6.16 (a) and (b): 
one has three holes distributed in each direction, and the other one has five holes in each 
direction, in which the blue color represents the solid material 1 and the pink color 
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represents the solid material 2. 
          
                                               (a)                                          (b) 
Fig. 6.16 Two initial field node distributions (31 by 31) for multi-material topology 
optimization  
6.4.2.1. Maximum bulk modulus 
As it can be seen from Fig. 6.17 that the topology evolution of both materials is 
achieved by moving level sets, thus a relatively smooth structural boundary with the 
distinct material interface can be well retained in optimal design of maximization of bulk 
modulus. The stronger material shown in blue mainly constitutes the interior material at 
each concentrated solid area, except for the centroid area of the unit cell. In addition, for 
the microstructure shown in Fig. 6.17 (c) obtained from the initial distribution 2 as 
illustrated in Fig. 6.16(b), the unit cell indicated by the red-dotted square seems totally 
different from the microstructure in Fig. 6.17(a), in which the circles composed of stronger 
materials displayed in blue are connected by weaker materials displayed in pink so as to 
form the whole unit cell. However, another chosen unit cell indicated by the green-dotted 
square presents some similarity with the microstructure in Fig. 6.17(a). In addition, from 
the iteration history of both the objective and volume fraction constraints as displayed in 
Figs. 6.17 (b) and (d), the two prescribed volume fraction constraints are both well retained 
after just 6 iterations including the objective. Also, the successive iterations only try to 
optimally distribute materials in which the shape and orientations of holes are accordingly 
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optimized. In addition, with only 60 and 76 iterations in achieving converged results, the 
proposed meshfree method combined with a parametric level set-based topology 
optimization is proved to be computationally efficiency in the multi-material topology 
optimization. In the process of optimization, the existing holes can be merged, and new 
holes can be created to achieve topological shape evolution, as indicated in the intermediate 
solutions displayed in the top graph of Figs. 6.17(b) and (d). Also from the iteration history 
of the volume fraction constraints, the meshfree method combined with the level set-based 
topology optimization can well preserve the volume fraction constraints of each material. 
      
                            (a)                                                               (b) 
       
                              (c)                                                             (d) 
Fig. 6.17 (a) Optimal design in maximizing bulk modulus for the initial guess 1 as shown 
in Fig. 6.16(a); (b) Iteration history of the objective and volume fraction constraints for 
the initial guess 1 (totaling 60 iterations); (c) Optimal design in maximizing bulk 
modulus for the initial guess 2 as shown in Fig. 6.16(b); (d) Iteration history of the 
objective and volume fraction constraints for the initial guess 2 (totaling 76 iterations). 
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6.4.2.2. Maximum shear modulus 
As demonstrated in Fig. 6.18(a), the three by three periodic unit cells display a 
different materail distribution compared with the optimal structure with the maximum bulk 
modulus as displayed in Fig. 6.17(a), in which the stronger material in blue constitutes the 
outer rim of the concentrated solid areas. Furthermore, no solid phase exists in the center 
of the unit cell. Such differences can be attributed to the distinct mechanisms in supporting 
shearing loading and resisting hydrostatic pressure, respectively, where the stronger 
material is mainly distributed in the regions supporting the applied force. Additionally, the 
whole geometrical model in Fig. 6.18(a) is similar to the microstructure as shown in Fig. 
6.10(c), both having double wine-rack shape but with different topology details. As for the 
optimal microstructure displayed in Fig. 6.18(c) obtained from the initial distribution 2 as 
illustrated in Fig. 6.16(b), the wine-rack shape still exists but possessing a different 
topology compared with that in Fig. 6.18(a). Instead of the double wine-rack microstructure 
shown in Fig. 6.18(a), a criss-cross shape with the mostly weaker material as shown in pink 
displays in the center of the wine-rack shape. Also, different maximized shear modulus are 
achieved: 0.90 and 0.81, respectively. As it can be seen, both two optimal microstructures 
as revealed in Figs. 6.18 (a) and (c) can prove the credibility of the current multi-material 
topology optimization approach. Besides, the iteration history of the objective 
demonstrates that the basic topology is already defined after around 20 iterations, and the 
iterations after that are attempting to change the shape and accordingly modify the details 
with the aim of achieving the maximum shear modulus. Regarding the two volume fraction 
constraints, it is already kept at the prescribed values after the first 6 iterations.  
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                          (a)                                                              (b) 
      
                          (c)                                                              (d) 
Fig. 6.18 (a) Optimal design in maximizing shear modulus for the initial guess 1 as 
shown in Fig. 6.16(a); (b) Iteration history of the objective and volume fraction 
constraints for the initial guess 1 (totaling 100 iterations); (c) Optimal design in 
maximizing shear modulus for the initial guess 2 as shown in Fig. 6.16(b); (d) Iteration 
history of the objective and volume fraction constraints for the initial guess 2 (totaling 
120 iterations) 
6.4.2.3. Minimum Poisson’s ratio 
Figure 6.19 displays the optimal microstructures and iteration history of the objective 
function and volume fraction constraints for two initial distributions in Fig. 6.16. As we 
can see from Fig. 6.19 (a) that the optimal geometrical model is close to the chiral type 
existing in the auxetic material families, which is also similar to the previous optimization 
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result as revealed in Fig. 6.12(c). In this structure, the stronger material shown in blue 
serves as the primary supporting structure while the weaker material as displayed in pink 
is only distributed at the outside rim of the stronger material in order to meet the volume 
fraction requirements predefined in optimization. Additionally, Fig. 6.19(c) presents a 
different optimal microstructure with a distinct minimized Poisson’s ratio (‒0.3 versus ‒
0.1958) compared with the microstructure in Fig. 6.19(a), in which star-shaped structures 
as illustrated in Fig. 6.19(c) can be detected that is close to the periodic lattice structure 
investigated in Chapter 2. The stronger material displayed in blue constitutes the basic star 
shape, and the weaker material shown in pink mainly bridges each star structure to form 
the whole unit cell. Furthermore, the convergence plots of the objective function and 
volume fraction constraints over the iteration history are given in Figs. 6.19(b) and 6.19(d). 
It can be easily found that the volume fractions of two materials are completed within the 
first 10 iterations, while the objective function continues to be minimized while keeping 
the volume fraction constraints of the initial design almost unchanged. And the 
optimizations are converged within 54 and 97 iterations for two initial distributions as 
shown in Fig. 6.19, respectively, demonstrating a good computational efficiency. Further, 
it can be seen from the intermediate structures as shown in Figs. 6.19(b) and 6.19(d), the 
implicit level set representation shows unique features, such as a smooth boundary and 
distinct material phases, as well as an integrated shape and topology optimization. In the 
process of optimization, the proposed method can not only merge existing holes but also 
create new holes to achieve the topological shape evolution of the base cell. 
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                                    (a)                                                          (b) 
        
                                       (c)                                                         (d) 
Fig. 6.19 (a) Optimal design in minimizing Poisson’s ratio for the initial guess 1 as 
shown in Fig. 6.16(a); (b) Iteration history of the objective and volume fraction 
constraints for the initial guess 1 (totaling 54 iterations); (c) Optimal design in 
minimizing Poisson’s ratio for the initial guess 2 as shown in Fig. 6.16(b); (d) Iteration 
history of the objective and volume fraction constraints for the initial guess 2 (totaling 97 
iterations). 
6.5 Conclusions 
The current section employs the parametric level set-based topology optimization 
method combined with the meshfree approach for the design of micro-architectured elastic 
metamaterials by using a unit cell-based homogenization approach. Several numerical 
examples are presented to showcase the feasibility of such an optimization approach in the 
design of metamaterials. Both single solid material with a void phase and two solid 
materials with a void phase are addressed in maximizing bulk modulus, maximizing shear 
modulus and minimizing Poisson’s ratio. 
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Chapter 7  
TOPOLOGY AND SHAPE OPTIMIZATION OF MICRO-ARCHITECTURED 
THERMAL-ELASTIC METAMATERIALS USING THE FINITE ELEMENT 
METHOD COMBINED WITH A PARAMETRIC LEVEL SET METHOD 
Micro-architectured thermal-elastic metamaterials are a new class of materials with 
unusual thermal and elastic properties including Young’s modulus, bulk modulus, shear 
modulus, Poisson’s ratio, coefficient of thermal expansion, and thermal conductivity (e.g., 
Zadpoor, 2016; Hewage et al., 2016; Ai and Gao, 2017a, 2017b). Internal architecture plays 
a crucial role in material design to attain targeted or extremal properties beyond chemical 
composition and bulk material properties. It offers additional degrees of freedom to achieve 
properties that is not attainable by naturally-occurring and bulk materials. This chapter 
focuses on the design of metamaterials with unusual Poisson’s ratio and coefficient of 
thermal expansion (CTE). In the development of such metamaterials, heuristic approaches 
have been used (e.g., Ai and Gao, 2017a; 2017b). However, such approaches are limited 
to simple geometrical designs or loading conditions. For complex configurations and 
deformation mechanisms, topology optimization has emerged as a promising method. 
Schwerdtfeger et al. (2011) optimized a 3-D structure with a negative Poisson’s ratio and 
increased the negativity of Poisson’s ratio by a factor 2 using a solid isotropic material with 
penalization (SIMP) based inverse homogenization approach that was enhanced by a 
special regularization technique. Andreassen et al. (2014) designed a manufacturable 3-D
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 elastic microstructure with Poisson’s ratio of −0.5 using topology optimization with a 
manufacturing constraint. Vogiatzis et al. (2017) used a reconciled level set-based topology 
optimization method to design single and multiple-materials with negative Poisson’s ratios 
in both 2-D and 3-D cases. In addition, Sigmund and Torquato (1996; 1997) attempted to 
design materials with a maximum, zero or negative CTE using the SIMP method. It was 
shown that through using two solid materials each having a positive CTE and one void 
phase, materials with a negative CTE could be achieved. Takezawa and Kobashi (2017) 
developed a topology optimization method for porous composites with anisotropic 
negative CTEs, isotropic positive CTEs and anisotropic positive CTEs. Wang et al. (2016b) 
developed multi-material metamaterials with unusual thermal-elastic properties, including 
maximal thermal stress, maximal and minimal of thermal expansions by using the 
parametric level set-based topology optimization method combined with finite element 
method. There is still a lack of studies on optimal periodic microstructures with unusual 
Poisson’s ratio and CTE at the same time. Wang et al. (2017b) designed multi-material and 
multifunctional metamaterials with the targeted effective elastic stiffness tensor and 
effective coefficient of thermal expansion and proposed some periodic microstructures that 
produce negative Poisson’s ratios and negative CTE. However, they did not consider 3-D 
cases or anisotropic CTE. This motivated the work presented in this chapter. 
A level set-based optimization method is chosen in this study. A few 
implementations and techniques based on the level-set-based topology optimization 
method have been developed. van Dijk et al. (2013) presented a detailed overview of 
various approaches such as level set function parameterization, geometry mapping as well 
as regularization and update procedure. The parametric level set method (PLSM) 
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developed by Luo et al. (2007; 2008) is a powerful shape and topology optimization 
approach that can avoid some unfavorable shortcomings in the conventional level set 
method, such as no regularization, velocity extension, and numerical time step limitations. 
In addition, for the multi-material optimization, Wang et al. (2015b) proposed the use of m 
level set functions to conduct multiphase (m+1) structure optimization on the basis of the 
PLSM, which can naturally avoid overlapping between different phases and suppress 
redundant regions in the design domain compared with other multi-material and multiphase 
approaches (e.g. Wang and Wang, 2004; Luo et al. 2009).  
In this chapter, the parametric level set method combined with a finite element 
analysis is utilized in topology optimization. In addition, an asymptotic homogenization 
approach is employed to obtain the effective thermal-elastic properties of metamaterials. 
Both 2-D and 3-D examples are included to illustrate the new model. 
7.1 Asymptotic homogenization of thermal-elastic properties 
Homogenization analysis is a widely accepted and effective approach that allows us 
to calculate the effective properties of heterogeneous composites regardless of the 
geometrical complexity of each constituent. Asymptotic homogenization (Bensoussan et 
al., 1978) is one of the extensively employed homogenization approaches in which two 
spatial scales are considered, i.e., microscopic and macroscopic scales. The coordinate 
system used in the microscopic scale is y (y1, y2, y3) while that used in the macroscopic 
scale is x (x1, x2, x3). Both scales are linked through a very small positive number ε as y= 
x/ε. When ε approaches zero, the heterogeneous macrostructure can be regarded as a 
homogeneous macro-structure. It is worth pointing out that the perfect bonding between 
dissimilar materials is assumed in this formulation.  
164 
 
Using the double-scale asymptotic expansion, the displacement field can be 
expanded as given in Eq. (7.1): 
0 1 2 2( , ) ( ) ( , ) ( , ) ...i i i iu u u u
     x y x,y x y x y .. (7.1) 
In addition, the derivative of the displacement field ( , )iu

x y with respect to the 
macroscopic coordinate x can be obtained using the chain rule as written in Eq. (7.2). 
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. (7.2) 
Another rule in asymptotic homogenization is used to describe the limit of the integration 
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The equilibrium equation of the thermal-elastic problem can be expressed as Eq. 
(7.4) according to the principle of virtual works. 
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, (7.4) 
where the superscript ε indicates the variable is a function of the entire region. vi is the 
virtual displacement field, bi is the applied body force, ti is the traction exerting on the unit 
cell boundary, pi is the force applied at the inner interface of the unit cell, ΔT is the 
temperature increase.   
Through substituting the derivatives of the actual and virtual displacement fields by 
using Eq. (7.2), Eq. (7.4) can be arranged into three hierarchical equations based on the 
order of ε by assuming that the limits of all integral equations are expressed in Eq. (7.3). 
Detailed derivations can refer to works accomplished by previous authors (e.g., Nasution 
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et al., 2014; Cheng Cho-Hsien, 1992). Here, only final derived results are presented as 
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ij  are the homogenized elastic stiffness tensor, thermal stress 
tensor and coefficient of thermal expansion tensor, respectively. kl
m  and m  are the 
characteristic displacement field with respect to the mechanical and thermal loadings, 
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The above equations for the effective coefficient of thermal expansion in Eq. (7.5) 
and the effective thermal stress tensor in Eq. (7.6) can also be written in a symmetrical 
form using the mutual energy method by reference to the previous works (e.g., Bensoussan 
et al., 1978; Sigmund, 1995; Sigmund and Torquato, 1997), as given in Eqs. (7.10)-(7.11). 
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where |Y| denotes the area of 2-D periodic base cell domain or the volume of 3-D unit cell 
domain. 0( )ij
rs  defines three or six linearly independently unit strain fields for the 2-D and 
3-D case, respectively. 
*( )kl
pq represents the locally varying strain field induced by the test 
strain modes which can be calculated by using Eq. (7.12). And pq
  denotes the locally 
varying thermal strain field induced by a unit thermal load computed from Eq. (7.13) 
   ( ) , ,
1
2
kl kl kl kl




pq p q q p
       . (7.13) 
Also, Eqs. (7.8) and (7.9) can be rewritten as displayed in Eqs. (7.14) and (7.15). 
       * 0d d ,kl klpqrs pq rs pqrs pq rs
Y Y
C v Y C v Y        (7.14) 
     * d dpqrs pq rs pqrs pq rs
Y Y
C v Y C v Y      . (7.15) 
7.2 Bounds on effective coefficient of thermal expansion 
Many analytical and semi-empirical formulas have been derived to evaluate the 
effective CTE of heterogeneous composites, such as Turner (1946) approach, Schapery 
model (Schapery, 1968) derived using extremum principles of thermoelasticity, Rosen and 
Hashin (1970) formula, and Gibiansky and Torquato model (1997) based on classical 
variational principles and the translation method. Gibiansky and Torquato model gives 
tight and sharp bounds compared with Schapery-Rosen-Hashin model and it is employed 
in this study. The upper and lower bounds on the effective CTE are given in Eqs. (7.16) 
and (7.17) for 2-D and 3-D cases, respectively. 
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   defines the volume average of the properties for the multiphase 
composites relating the volume fraction of each phase vfn. N is the number of phases in 
composites and X represents the averaging property. µmin and µmax represent the minimum 
and maximum shear modulus, respectively. 
2
L
D  and 2
U
D  are the lower and upper Hashin-
Shtrikman bounds on 2-D bulk modulus as given in Eqs. (7.17) and (7.18) (Hashin and 
Shtrikman, 1962). Also, 
3
L
D  and 3
U
D  are the lower and upper Hashin-Shtrikman bounds 
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The planar bulk modulus κ and μ for the plane stress state are defined as κ = E/2/(1-
ν) and μ= E/2/(1+ν) (Jasiuk et al., 1994), respectively. In addition, the 3-D bulk modulus κ 
and μ are defined as κ = E/3/(1-2ν) and μ= E/2/(1+ν), respectively. 
7.3 Formulation of topology optimization using the PLSM 
In order to obtain the anticipated composites with multifunctional properties, a multi-
objective topology optimization should be utilized instead of the single-objective 
optimization as described in Chapter 6. A few algorithms have been used in the 
optimization community to achieve the multi-objective optimization. Weighted sum 
optimization is a classic optimization approach through gathering all the objectives into a 
single objective where the designer should prescribe the weights as a priori. Different 
weights to different terms in the objective function can be assigned according to the desired 
importance in future usage. These weights then influence the final design. Therefore, the 
disadvantage of weighted sum optimization is the strong dependence upon the weights that 
needs to be carefully tailored according to its specific application (e.g., Guest and Prévost, 
169 
 
2006; de Kruijf et al., 2007). Also, for the ε-constraint method, one of the objective 
functions is optimized while the other objective functions are regarded as constraints that 
can get rid of the influence from the assigned weights. A comparison between these two 
methods can be found in the paper (Mavrotas, 2009). In addition, evolutionary algorithms 
such as the genetic algorithm and particle swarm optimization have received extensive 
attention to seek for Pareto front with a range of objectives using the direct search method 
without any gradient-based information (e.g., Kunakote and Bureerat, 2011). However, 
with a large number of design variables existing in the topology optimization problem, the 
evolutionary algorithm can barely handle due to the lack of a speedy convergence and 
consistency.  
In this study, the coefficient of thermal expansion (CTE) and Poisson’s ratio (PR) 
are chosen as two objective functions. The study of Sigmund and Torquato (1996) shows 
that there is no mechanistic relationship between negative coefficients of thermal 
expansion and negative Poisson’s ratios. CTEs and PRs are not competing material 
properties in which one dominates the other. Therefore, theoretically, each of them can be 
varied without affecting the other. In this regard, the ε-constraint multi-objective 
optimization approach is employed in conducting topology optimization, and the 
formulation of the problem is shown in Eq. (7.21). Please refer to the Chapter 6 for a 
detailed description of the parametric level set-based topology optimization method. The 
algorithm ‒ the method of moving asymptotes (MMA) developed by Svanberg (1987; 
2002) is used to solve such problems. It is a well-known optimizer that is very efficient for 
structural optimization by minimizing sequential convex approximations of the original 
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where the coefficients k
im  serve as design variables in optimization with i from 1 to n that 
represents the number of knot points in the design domain. k is taken as 1 and 2 that 
represents two level set functions employed in optimization. And, αj is the coefficient of 
thermal expansion serving as the objective function with j being as 1 and 2 for 2-D case 
and being 1, 2 and 3 for 3-D case. 
1
LV  and 1
UV , 2
LV  and 2
UV  are the prescribed volume 
fraction upper and lower bounds for solid material 1 and 2, respectively. g(CH) denotes the 
constraints of the effective elastic stiffness tensor. kL
im and 
kU
im  are the lower and upper 
bounds of the design variables for two level set functions with k being as 1 and 2 with the 
aim of obtaining a stable and converged solution.  
In addition, the elastic stiffness tensor C and the coefficient of thermal expansion 
tensor α at any arbitrary point x can be calculated based on the multi-material parametric 
level set method (e.g., Wang et al., 2015b; Deng et al., 2013), as displayed in Eqs. (7.22) 
and (7.23). 
 1 2 1 2 2( , ) H( ) 1 H( ) H( )       C x C C , (7.22) 
 2 1 2 2( , ) 1 H( ) H( )    x   , (7.23) 
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where ϕ1 and ϕ2 represent two level set functions employed in multi-material optimization. 
C1, C2 and α1, α2 are the elastic stiffness tensors and thermal strain tensors for the two solid 
materials, respectively.  
7.4 Sensitivity analysis 
In order to employ the MMA, the first derivatives of the objective function αj and 
constraint functions such as Poisson’s ratio ν and volume fractions of each solid material 
Vf1 and Vf2 should all be computed with respect to the design variables 
k
im . Hence, the 
derivatives of the effective elastic stiffness tensor 
H
ijklC  and the effective thermal stress 
tensor H
kl  with respect to 
k
im  should be derived first. 
The derivative of 
H
ijklC with respect to the pseudo-time t is shown in Eq. (7.24): 
 
 
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Based on the derivative of Eq. (7.14) as given in Eq. (7.25) and substitute Eq. (7.25) into 
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Additionally, the derivative of the effective thermal stress tensor in Eq. (7.11) with respect 
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Through using the derivative of Eq. (7.15) that is given in Eq. (7.28) and substituting Eq. 
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Further, to obtain the derivative of a function with respect to design variables k
im , 
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where, the Dirac delta function δϕk is the derivative of the Heaviside function H(ϕi) which 
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Alternatively, the shape derivative of H















 . (7.32) 
Through comparing Eqs. (7.31) and (7.32), the derivative of 
H
ijklC with respect to 
k
im  can be 
expressed as Eq. (7.33). 
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x . (7.33) 
Therefore, for the scenario with two level set functions (e.g., Wang et al., 2017b), the 
results of the two derivatives are given in Eqs. (7.34) and (7.35). 
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Similarly, the derivatives of the effective thermal stress tensor can be obtained as shown in 
Eqs. (7.36) and (7.37). 
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Regarding the effective thermal strain tensor, its derivative with respect to design variables 
k
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For multiple volume fraction constraints, the sensitivities of the two volume fraction 
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constraints with respect to the design variables 
k
im  are expressed in Eqs. (7.39)-(7.42): 
 1 2 111
1


















































x . (7.42) 
7.5 Numerical implementation 
The linear thermal-elasticity equations as given in Eqs. (7.14) and (7.15) are solved 
through utilization of the finite element method (FEM) instead of the meshfree approach 
as employed in Chapter 6 due to the easiness of vectorization using MATLAB 
programming and a better computational efficiency. The fixed and rectilinear mesh is used 
in the homogenization-based topology optimization. In addition, the level set knots are 
positioned, but not necessarily, at the finite element nodes just for sake of simplicity. In the 
following examples, an ‘ersatz’ material model (e.g., Allaire et al., 2004) is used to 
approximate material properties for those elements crossed by the moving level set 
boundaries, i.e. the zero level set. The elastic stiffness tensor Ce and coefficient of thermal 
expansion αe of the eth element can be computed through integration over the entire 
element domain as given by Eqs. (7.43) and (7.44). 





      

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where Ve is the area or the volume of the eth element for the 2-D and 3-D cases, 
respectively. Hi is the Heaviside function regarding the level set function ϕi which is short 
for H(ϕi) with i being as 1 and 2.  
If the base cell is discretized by NE finite elements, the homogenized effective 
coefficients in Eqs. (7.10) and (7.11) can be written as Eqs. (7.45) and (7.46): 
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 K B C B  as the element stiffness matrix. In addition, 0
ij
eu  denotes the 
element displacement under 0( )ij
rs  and *
ij
eu  contains the components of the global 
displacement vector associated with the element e under the mechanical loading, which 
can be solved through Eq. (7.14). Similarly, 
0e

u  denotes the element displacement under 
pq  and *e

u  possesses the components of the global displacement vector under thermal 
loading computed using Eq. (7.15). 
Further, to avoid the numerical singularity, the Heaviside function H(ϕi) and the 
Dirac delta function δϕk mentioned above have to be approximated with a first-order 
accurate and smoothed version such as defined in Eqs. (6.51) and (6.52). 
The method of moving asymptotes (MMA) serves as a good optimizer in tackling 
multiple constraints and normally can achieve a quick convergence (Svanberg, 1987; 
2002). However, to stabilize the convergence of the optimization algorithm, the moving 
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limit in this algorithm can be adjusted flexibly being setting between 0.05 and 0.1. Besides, 
the lower and upper bounds of the design variables are chosen to be  ,minkL k li i im m   
and  ,maxkU k li i im m   in which ζ is a controlling parameter ranging between 1.5 and 
2 accommodating different optimization problems with l denoting the iteration cycle. The 
results are considered to be convergent when the difference between two successive 
iterations for the objective function CTE less than 0.001.  
7.6 2-D numerical examples and discussions 
To demonstrate the design procedures of topology optimization in terms of 
multimaterial thermoelastic metamaterials, two sets of illustrative examples in 2-D case 
are presented in this section under plane stress condition: one is to minimize anisotropic 
CTE with the Poisson’s ratio constraint, and the other one is to minimize isotropic CTE 
with the Poisson’s ratio constraint. In all the numerical examples, the constraint of the 
effective bulk modulus (de Kruijf et al., 2007) is enforced to ensure the structural loading-
carrying capability, which is a measurement of a material’s resistance to the volumetric 
strain that can be expressed in terms of the effective elasticity tensor as given in Eq. (7.47) 
for the 2-D case. 




H C C C C     (7.47) 
In all the optimizations demonstrated below, the square design domain is discretized into 
60 by 60 square four-node elements, in which four Gaussian quadrature points are 
distributed in each direction resulting in a total of 16 integration points in each element. 
Artificial material properties for the two solids are employed in this study with E1 = 1, ν1 
= 0.3, α1 = 1 being displayed in blue, and E2 = 1, ν2 = 0.3, α2 = 10 being exhibited in pink. 
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The volume fractions for the two solid materials are limited to 25% and 10%, respectively, 
with ±2% tolerance. Fig. 7.1 gives the two initial guesses employed in topology 
optimization with totally different material distributions.  
         
                                          (a)                                                    (b) 
Fig. 7.1 Two initial distributions of material for 2-D case 
7.6.1 Minimum anisotropic CTE with a Poisson’s ratio constraint 
The optimization herein is to minimize the coefficient of thermal expansion in the 
horizontal direction, i.e., 
11
H  with the positive Poisson’s ratio (PPR), zero Poisson’s ratio 
(ZPR) and negative Poisson’s ratio (NPR) as constraints, respectively. The optimization 
starts from the two initial material distributions as illustrated in Fig. 7.1. 20% of the upper 
bound on the effective H-S bulk modulus constraint as given in Eq. (7.18) is also enforced 
as well as horizontal and vertical geometrical symmetry. Optimal microstructures with 3-
by-3-unit cells (the single unit cell denoted by the solid green line) are presented in Figs. 
7.2 (a), (c) and (e), respectively, with different targeted Poisson’s ratios 0.5, 0 and –0.5 
from the initial distribution 1 as shown in Fig. 7.1(a). Moreover, the corresponding final 
optimization solutions from the initial distribution 2 in Fig. 7.1(b) are displayed in Figs. 
7.3(a), (c) and (e). The plots in the right column of Figs. 7.2 and 7.3 exhibit the graphs of 
the corresponding iteration history of the objective
11
H , Poisson’s ratio v, and two volume 
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fraction constraints vf1 and vf2. The overall information regarding the final solutions 
displayed in Figs. (7.2) and (7.3) are summarized in Table 7.1, which contains the total 
number of iterations, the minimum 
11
H , the effective elastic stiffness tensor and thermal 
strain tensor for all the optimization examples. It gives a clear comparison of optimization 
results between two different initial distributions. It can be seen that, for both initial 
distributions, with the constrained Poisson’s ratio decreasing from 0.5 to −0.5, the absolute 
value of the attainable minimum CTE in the x-direction also decreases under the same bulk 
modulus restraint. Apparently, the final solutions from the two initial guesses vary from 
each other but do not display huge differences.  
Moreover, through observation of the optimal microstructures presented in the left 
column of Figs. 7.2, different Poisson’s ratio constraints result in different topological 
features, but similarities exist due to the same initial material distribution. By making a 
comparison among the microstructures exhibited in Figs. 7.2 (a), (c) and (e), it can be 
observed that they all possess vertical struts with the higher CTE as shown in pink that 
mainly controls the coefficient of thermal expansion in the horizontal direction. However, 
the unit cell with the optimal minimum CTE under 0.5 PR condition as shown in Fig. 7.2 
(a) has struts with the lower CTE presented in blue along the vertical direction resulting 
from the positive Poisson’s ratio constraint. Whereas, for the optimal microstructure under 
the ZPR constraint in Fig. 7.2(c), the solid material with the lower CTE as shown in blue 
is mainly concentrated at the center of the unit cell while most of the vertical struts 
comprise of materials with the higher CTE as exhibited in pink. In addition, regarding the 
optimal microstructure with −0.5 PR as revealed in Fig. 7.2(e), anti-chiral units can be 
clearly detected that induce the negative Poisson’s ratio as expected. Furthermore, through 
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a comparison of all the optimized results as displayed in Figs. 7.2 and 7.3 between the two 
initial distributions 1 and 2, it is interestingly found that the final microstructures with 0.5 
PR constraint look almost the same. However, for the other two cases, the final models 
display totally different topologies. 
Table 7.1 Summary of minimum α11 with 0.5, 0 and −0.5 Poisson’s ratio constraints from 
two initial distributions as displayed in Fig. 7.1 
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                                  (a)                                                          (b) 
               
                                  (c)                                                             (d) 
                
                                 (e)                                                                (f) 
Fig. 7.2 Minimization of 
11
H with Poisson’s ratio constraint starting from the initial 
distribution 1 as shown in Fig. 7.1(a): (a) Three-by-three unit cells with 0.5 PR 
constraint; (b) Iteration history with 0.5 PR constraint (totaling 108 iterations); (c) Three-
by-three unit cells with zero PR constraint; (d) Iteration history with zero PR constraint 
(totaling 190 iterations); (c) Three-by-three unit cells with ‒0.5 PR constraint; (d) 
Iteration history with ‒0.5 PR constraint (totaling 149 iterations). 
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                                  (a)                                                      (b) 
               
                             (c)                                                            (d) 
                
                              (e)                                                                    (f) 
Fig. 7.3 Minimization of 11
H with Poisson’s ratio constraint starting from the initial 
distribution 2 as shown in Fig. 7.1(b): (a) Three-by-three unit cells with 0.5 PR 
constraint; (b) Iteration history with 0.5 PR constraint (totaling 65 iterations); (c) Three-
by-three unit cells with zero PR constraint; (d) Iteration history with zero PR constraint 
(totaling 139 iterations); (c) Three-by-three unit cells with ‒0.5 PR constraint; (d) 
Iteration history with ‒0.5 PR constraint (totaling 177 iterations). 
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7.6.2 Minimum isotropic CTE with a Poisson’s ratio constraint 
The goal of this section is to produce microstructures with minimized isotropic CTEs 
and desirable Poisson’s ratios as well as the enforced horizontal and vertical symmetry. All 
the microstructures optimized herein possess cubic symmetry.  
Figures 7.4 and 7.5 reveal the optimal microstructures with 3-by-3-unit cells (the 
single unit cell denoted by the solid green line) with different bulk modulus constraints, 
i.e., 15%, 20%, 25%, 30%, 35% and 40% of the upper bound on the effective bulk modulus 
predicted by H-R bounds as well as zero Poisson’s ratio constraint. The plots as displayed 
in the right colume of Figs. 7.4 and 7.5 exhibit the corresponding iteration history of the 
CTE, Poisson’s ratio and two volume fractions starting from the initial material distribution 
as displayed in Fig. 7.1 (a). It is clearly observed that the optimized microstructures are 
different from each other with a detectable similarity due to the same starting optimization 
point. Also, the microstructures with the 15%, 20% and 30% upper bounds of the predicted 
effective bulk modulus displayed in Figs. 7.4 (a), (c) and 7.5 (a) possess almost the same 
topological features but with different sizes of geometry located in the same region. In 
addition, for the microstructures with the 25%, 35% and 40% bulk modulus constraints as 
presented in Figs. 7.4 (e), 7.5 (c) and (e), they look slightly topologically similar but still 
with a significant difference. The total information gathered from optimizations shown in 
Figs. 7.4 and 7.5 is summarized in Table 7.2 which gives a clear picture of how the 
optimized solutions change with respect to the different bulk modulus constraints. It is 
observed that the obtained minimum isotropic CTE increases with the increase of bulk 
modulus constraints which satisfies the analytical bound as given in Eq. 7.16.  
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Table 7.2 Summary of minimum CTE with different bulk modulus constraints and zero 















































































































In addition to the topology optimization for minimizing CTE with zero Poisson’s 
ratio constraints, simulations with −0.5 Poisson’s ratio constraints are also investigated 
with constraints of 15%, 20% and 25% of upper bounds on the effective bulk modulus 
predicted base on the H-R bound, respectively. Herein, the two initial distributions of 
material as displayed in Fig. 7.1 are both considered. Figs. 7.6 and 7.7 show the results 
obtained from the two initial distributions, respectively. In all six numerical examples, the 
−0.5 Poisson’s ratio constraints are all well maintained. Also, different initial distributions 
yield different final microstructures with different minimized isotropic CTEs. For the 15% 
bulk modulus constraint, the minimum −1.442 is obtained from the initial distribution 1 
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while for the initial distribution 2, the final minimum CTE value is −1.959. Further, the 
optimal microstructures from the initial guess 1 contain an anti-chiral unit that mainly 
induces the negative Poisson’s ratio while that from the initial configuration 2 possesses a 
re-entrant structure leading to negative Poisson’s ratio −0.5. Both chirality and re-entrant 
structures are two well-known deformation mechanisms that can bring about negative 
Poisson’s ratios. Such observations are also applied to the optimization with the 20% and 
25% bulk modulus constraints, respectively. The optimization information as displayed in  
Table 7.3 Summary of minimum CTE with different bulk modulus constraints and ‒0.5 
Poisson’s ratio from two initial distributions as displayed in Fig. 7.1 

















































































































        
                           (a)                                                                  (b) 
              
                            (c)                                                                 (d) 
 
               
                             (e)                                                                     (f) 
Fig. 7.4. Minimization of isotropic CTE with zero Poisson’s ratio and bulk modulus 
constraint starting from the initial distribution 1 as illustrated in Fig. 7.1(a): (a-b) Three-
by-three unit cells with 15% bulk modulus constraint and the corresponding iteration 
history (totaling 118 iterations); (c-d) Three-by-three unit cells with 20% bulk modulus 
constraint and the corresponding iteration history (totaling 189 iterations); (e-f) Three-by-
three unit cells with 25% bulk modulus constraint and the corresponding iteration history 
(totaling 176 iterations). 
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                                 (a)                                                             (b) 
         
                                 (c)                                                              (d) 
               
                                 (e)                                                              (f) 
Fig. 7.5. Minimization of isotropic CTE with zero Poisson’s ratio and bulk modulus 
constraint starting from the initial distribution 1 as shown in Fig. 7.1(a): (a-b) Three-by-
three unit cells with 30% bulk modulus constraint and the corresponding iteration history 
(totaling 117 iterations); (c-d) Three-by-three unit cells with 35% bulk modulus 
constraint and the corresponding iteration history (totaling 249 iterations); (e-f) Three-by-
three unit cells with 40% bulk modulus constraint and the corresponding iteration history 
(totaling 302 iterations). 
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                                 (a)                                                             (b) 
   
                                 (c)                                                              (d) 
   
                                 (e)                                                              (f) 
Fig. 7.6 Minimization of isotropic CTE with −0.5 Poisson’s ratio and bulk modulus 
constraint starting from the initial distribution 1 as displayed in Fig. 7.1(a): (a-b) Three-
by-three unit cells with 15% bulk modulus constraint and the corresponding iteration 
history (totaling 179 iterations); (c-d) Three-by-three unit cells with 20% bulk modulus 
constraint and the corresponding iteration history (totaling 157 iterations); (e-f) Three-by-
three unit cells with 25% bulk modulus constraint and the corresponding iteration history 




                                 (a)                                                             (b) 
 
                                 (c)                                                              (d) 
 
                                   (e)                                                              (f) 
Fig. 7.7 Minimization of isotropic CTE with −0.5 Poisson’s ratio and bulk modulus 
constraint starting from the initial distribution 2 as shown in Fig. 7.1(b): (a-b) Three-by-
three unit cells with 15% bulk modulus constraint and the corresponding iteration history 
(totaling 168 iterations); (c-d) Three-by-three unit cells with 20% bulk modulus 
constraint and the corresponding iteration history (totaling 155 iterations); (e-f) Three-by-
three unit cells with 25% bulk modulus constraint and the corresponding iteration history 
(totaling 182 iterations). 
Figs. 7.6 and 7.7 is summarized in Table 7.3 including the total number of iteration 
numbers, the final effective elastic stiffness tensor, and coefficient of thermal expansion 
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tensor. As it can be seen, the two different initial configurations generate different results; 
however, no huge derivation exists. Moreover, the variation trends of the minimized CTE 
with respect to bulk modulus constraints is the same: both increases with the increase of 
bulk modulus.  
 
Fig. 7.8 Effective isotropic CTE plotted against the effective bulk modulus for three-
phase composites based on Eq. (7.16) with a total of 12 examples obtained from topology 
optimization and the corresponding optimal unit cells 
Furthermore, the effective properties of the resulting topologies as shown in Figs. 
7.4-7.7 are plotted as three types of makers in Fig. 7.8 in which the upper and lower bounds 
on the effective isotropic CTEs are plotted against the effective bulk modulus as given in 
Eq. (7.15). A total of 12 examples are included with the final optimal unit cells labeled 
from 1 to 12. As is displayed at the right upper corner of the graph, all the numerical results 
are close to the lower bound; however, through a close-up observation from Fig. 7.8, the 
optimized microstructures with zero Poisson’s ratio constraints are much closer to the 
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lower bound compared those with −0.5 Poisson’s ratio constraints, which values are 
somewhat away from the boundary line. That is probably due to the non-convexity of the 
optimization problem and the difficulty in achieving the global minimum.  
7.7 3-D numerical examples and discussions  
Similar to the 2-D multi-material and multi-objective investigation as described in 
Section 7.6, a 3-D optimization is formulated in this section. The design domain consists 
of 24×24×24 8-node brick elements with three Gaussian quadrature points distributed in 
each direction resulting in a total of 27 integration points in each element. The initial 3-D 
design with two solid materials and one void phase is displayed in Fig. 7.9. Unless 
otherwise stated, artificial material properties for the two solid phases are employed in this 
part of study with E1 = 1, ν1 = 0.3, α1 = 1 being displayed in blue, and E2 = 1, ν2 = 0.3, α2 
= 10 being exhibited in pink. To demonstrate the design procedures of topology 
optimization in terms of 3-D multi-material thermoelastic metamaterials, two sets of 
demonstration examples are presented here: one is to minimize anisotropic CTE and the 
other case is to minimize isotropic CTE. And both cases are constrained with the effective 
Poisson’s ratio being less than zero. In all the numerical examples shown below, the 
constraint of the effective 
11
HC  is enforced as well as the material cubic symmetry 
condition.  
 
Fig. 7.9 Initial distribution of material for 3-D case 
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7.7.1 Minimum anisotropic CTE with a Poisson’s ratio constraint 
The first demonstration case is to obtain 3-D microstructures with the minimum 
2
H  
and different Poisson’s ratio constraints in which three Poisson’s ratios are chosen: 0.1, 0 
and ‒0.1. The volume fractions for the two solid materials are limited to 15% and 10%, 
respectively, with ±2% tolerance. Figs. 7.10 (a), 7.11 (a) and 7.12 (a) display the final 
optimal unit cells with clear material distributions of two solid phases. Accordingly, the 
2×2×2-unit cells are shown in Figs. 7.10 (b), 7.11 (b) and 7.12 (b), respectively. In addition, 
Figs. 7.10 (c)-(e), Figs. 7.11 (c)-(e) and Figs. 7.12 (c)-(e) reveal the clear geometrical 
details from different cross section views: x-y, x-z and y-z. As it can be seen from Figs. 7.10 
(f)-(h), the convergence is achieved after 116 iterations with the minimum 
2
H  being as ‒
3.4584 and Poisson’s ratio 0.10177 that is quite close to the targeted Poisson’s ratio 0.1 in 
the topology optimization problem. Further, the two volume fraction constraints are also 
well maintained: one is 0.1499 and the other is 0.099, which are almost the predefined 
volume fractions: 0.15 and 0.1. In addition, Figs. 7.11 (f)-(h) show that the convergence is 
achieved after 96 iterations with the minimum 
2
H  being as ‒2.7479 and Poisson’s ratio 
0.000599 which could be treated exactly as the targeted zero Poisson’s ratio set in the 
topology optimization considering numerical accuracy. Further, the two volume fraction 
constraints are also well maintained: one is 0.14997 and the other is 0.090172, which 
satisfy the predefined volume fractions: 0.15 and 0.1 with ±2% tolerance. For the 
optimization with ‒0.1 Poisson’s ratio constraint, it can be observed from Figs. 7.12 (f)-(h) 
that the convergence is achieved after 195 iterations with the minimum 
2
H  being as ‒
2.9405 and Poisson’s ratio ‒0.10213 which is quite close to the targeted negative Poisson’s 
ratio ‒0.1 in the topology optimization. Also, the two volume fraction constraints are also 
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well maintained: one is 0.14795 and the other is 0.080033, which satisfy the predefined 
volume fractions: 0.15 and 0.1 with ±2% tolerance. Although the final 
2
H  ‒3.4584 with 
0.1 Poisson’s ratio constraint is larger in absolute magnitude than ‒2.7479 with zero 
Poisson’s ratio constraint, it is interestingly found that the final
2
H ‒2.9405 is obtained with 
‒0.1 Poisson’s ratio which is slightly larger in absolute magnitude than ‒2.7479 with zero 
Poisson’s ratio constraint. Such phenomenon demonstrates that the Poisson’s ratios and 
CTEs are not directly related and can be independently varied without affecting one 
another. Eqs. (7.46)-(7.48) give the optimal effective elastic stiffness tensor and CTE 
tensor for all the three topology optimization examples.  
Meanwhile, the complex topology is achieved during the optimization evolution 
process originated from the initial design as illustrated in Fig. 7.9. That means the 
optimization approach employed in this study has a good capability of merging and 
creating holes without implementing topological derivatives (Burger et al., 2004) or other 
techniques. Also, this approach can seamlessly integrate shape and topology optimization 
together, in which the first few iterations are used to quickly achieve the optimal topology 
and the rest of iterations before the final convergence are mainly to complete the shape 
optimization. It is worth pointing out that the optimal geometrical boundaries as shown in 
Figs. 7.10-7.12 do not look smooth enough with serrated shapes. That is because the total 
number of elements used here is 13824 using 24×24×24 mesh which is not fine enough to 
produce smooth boundaries. However, it is proved to be good enough herein to produce 
reasonably optimized structures. In addition, it can be observed that the same initial 
structures could lead to distinctive designs if they have been given different constraints  
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                            (c)                                       (d)                                       (e) 
 
Fig. 7.10 Minimum anisotropic CTE under 0.1 Poisson’s ratio constraint: (a) Optimal 
unit cell; (b) Periodic microstructures with 2×2×2 unit cells; (c) Unit cell in x-y cross 
section view; (d) Unit cell in x-z cross section view; (e) Unit cell in y-z cross section 
view; (f) Iteration history of CTE in the y- direction; (g) Iteration history of Poisson’s 







               
                                                     (a)                                              (b) 
 
                        (c)                                               (d)                                                (e) 
 
Fig. 7.11 Minimum anisotropic CTE under zero Poisson’s ratio constraint: (a) Optimal 
unit cell; (b) Periodic microstructures with 2×2×2 unit cells; (c) Unit cell in x-y cross 
section view; (d) Unit cell in x-z cross section view; (e) Unit cell in y-z cross section 
view; (f) Iteration history of CTE in the y- direction; (g) Iteration history of Poisson’s 








                                          (a)                                                      (b) 
 
                         (c)                                          (d)                                           (e) 
 
Fig. 7.12 Minimum anisotropic CTE under −0.1 Poisson’s ratio constraint: (a) Optimal 
unit cell; (b) Periodic microstructures with 2×2×2 unit cells; (c) Unit cell in x-y cross 
section view; (d) Unit cell in x-z cross section view; (e) Unit cell in y-z cross section 
view; (f) Iteration history of CTE in the y- direction; (g) Iteration history of Poisson’s 








even with the same objective function. Alternatively, it is well known that the different  
initial distributions can also bring about different final designs owing to the highly non-
convex problems with multiple local regions existing in the investigated problem here.  
Through comparison among three different unit cells as displayed in Figs. 7.10-7.12, 
it is hard to detect underlying deformation mechanisms that may lead to the desired 
Poisson’s ratio and negative CTE compared with the 2-D cases as described in Section 7.6. 
That is part of the attractive magic inherent in topology optimization that could give us 
unimaginable designs unattainable through conventional thinking.  
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7.7.2 Minimum isotropic CTE with a Poisson’s ratio constraint 
The goal in this section is to attempt to obtain the minimum isotropic CTE with the 
effective C11 constraint 0.02, and two volume fraction constraints 15% and 6%, 
respectively, with ±2% tolerance. Fig. 7.13 (a) displays the optimal unit cell and 2 by 2 by 
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2 periodic unit cells are presented in Fig. 7.13 (b). It can be seen that very clear and distinct 
material interfaces are obtained between two solid phases that can be reconstructed with 
ease from the mesh model obtained in topology optimization. In addition, Figs. 7.13 (c)-
(e) exhibit the 2-D cross section views from three perspectives that further demonstrate 
fine geometrical features obtained from topology optimization. Further, Figs. 7.13 (f)-(h) 
give the convergence plots for the effective CTE, Poisson’s ratio, and two volume fraction 
constraints, in which 210 iterations are computed to achieve the final solution with CTE 
−0.69308, Poisson’s ratio −0.0411 and two volume fractions 0.13005 and around 0.04, 
respectively. For the solid material with the higher CTE displayed in pink, the volume 
fraction first jumps to around 90% and then gradually drops down to satisfy the volume 
fraction constraint with the lower 2% tolerance set in the topology optimization. On the 
other hand, for the solid phase with the lower CTE presented in blue, it drops from the 
initial volume fraction 48% down to near zero and increasingly achieves the required 
volume fraction with the lower 2% tolerance as well. Moreover, the optimization 
approaches adopted here work pretty well concerning the hole nucleation and merging. Eq. 
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Fig. 7.13 Minimum isotropic CTE under negative Poisson’s ratio constraint: (a) Optimal 
unit cell; (b) Periodic microstructures with 2×2×2 unit cells; (c) Unit cell in x-y cross 
section view; (d) Unit cell in x-z cross section view; (e) Unit cell in y-z cross section 
view; (f) Iteration history of CTE in the y- direction; (g) Iteration history of Poisson’s 








0.0199 0.0008 0.0007 0 0 0 0.6931
0.0008 0.0203 0.0006 0 0 0 0.6755
0.0007 0.0006 0.0202 0 0 0 0.6824
, .
0 0 0 0.0009 0 0 0
0 0 0 0 0.0010 0 0
0 0 0 0 0 0.0009 0

     
     
   
     
    
   
   
   




In this chapter, the parametric level set-based topology optimization method is used 
to design metamaterials with anisotropic and isotropic minimum CTEs with prescribed 
Poisson’s ratios both in the 2-D and 3-D cases. A few novel structures have been found 
which are difficult to envisage through heuristic approaches. It is well known that the 
results of topology optimization rely heavily on initial configurations. Thus different 
solutions could be achieved with more initial guesses. Although artificial material 
properties are adopted in all the demonstration examples, however, it can be readily 
extended into real material properties, in which the stainless steel-invar material 
combination is a good choice. Also, although the CTE and Poisson’s ratio are only two 
material properties presented here, the methodology can be extended to optimize any 




Chapter 8  
SUMMARY AND FUTURE WORK 
8.1 Design and analysis of thermal elastic metamaterials 
The main contribution of this dissertation research is the design of novel thermal-
elastic metamaterials with tailorable Poisson’s ratios and coefficients of thermal expansion.  
In Chapter 2, three 2-D auxetic materials based on a star-shaped re-entrant structure 
are proposed. Castigliano’s second theorem is employed to calculate the effective Young’s 
modulus and Poisson’s ratio for the three proposed auxetic materials. A good agreement is 
achieved between the predictions by the analytical model and the finite element simulations. 
In Chapter 3, four lattice metamaterials composed of two metallic materials with 
contrasting coefficients of thermal expansion (CTEs) are designed to achieve negative 
Poisson’s ratio and non-positive CTE simultaneously. Through an extensive parametric 
study using a unit cell-based homogenization method and a detailed comparison among the 
four proposed metamaterials, metamaterial # 1 is identified to have the largest adjustable 
space to attain negative Poisson’s ratio and negative CTE among the four metamaterials. 
In Chapter 4, interpenetrating phase composites (IPCs) with a negative Poisson’s ratio are 
proposed using a 3-D periodic re-entrant lattice structure (as the reinforcing phase). It is 
shown that such IPCs can achieve a negative Poisson’s ratio when the elastic properties of 
the reinforcing phase and matrix phase are largely different from each other. In Chapter 5, 




8.2 Design of thermal-elastic metamaterials through topology optimization 
It can be seen from Chapters 2-5 that innovative metamaterials can be designed 
intuitively. Topology optimization is utilized in Chapters 6 and 7 to further explore 
microstructures that are difficult to achieve using a heuristic approach. In Chapter 6, a 
parametric level-set based topology optimization method combined with a meshfree 
method is employed to design three types of mechanical metamaterials which display a 
maximum bulk modulus, a maximum shear modulus, or a minimum Poisson’s ratio. Two 
scenarios are considered: one is a single solid material with a void phase and the other is 
two solid materials with a void phase. A number of novel microstructures are obtained 
there. In Chapter 7, multi-material and multifunctional metamaterials are designed in order 
to achieve minimum thermal expansion with certain Poisson’s ration requirements. Both 
2-D and 3-D cases are studied with two sets of examples for each: minimal anisotropic 
CTE and minimal isotropic CTE, each subject to a Poisson’s ratio constraint. A few novel 
2-D and 3-D geometrical models are obtained with distinct material phases. It is found that 
the newly developed model can achieve a good convergence and maintain clear boundary 
revolutions with a distinct material interface between two phases.  
8.3 Future Work 
The following studies are suggested as possible topics for future research. 
(1) The current dissertation work considers only methods and approaches based on 
classical elasticity. However, other theories, such as the micropolar elasticity and the 
surface elasticity theory should be used in order to optimize structures at the nano- and 
micro-scales (e.g., Nanthakumar et al., 2015; Bruggi et al., 2017). At these small length 
scales, the microstructure and surface energy effects (e.g., Ma et al., 2008; Gao, 2015) 
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become significantly important and will need to be taken into consideration.  
(2) The geometrical models obtained from topology optimization are complex and 
intricate, which are difficult to fabricate directly using traditional manufacturing techniques. 
Additive manufacturing, on the other hand, provides an avenue to fabricate optimized 
materials/structures with complex shapes and/or material distributions. However, to 
successfully bridge additive manufacturing and topology optimization, a few design factors 
should be considered, which include minimal length scale and geometrical overhanging in 
order to incorporate manufacturing constraints directly into the topology optimization 
process. Therefore, topology optimization with manufacturing constraints should be 
integrated in the future work. 
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